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Abstract

The fluctuations of dynamical functionals such as the empirical density and
current as well as heat, work and generalized currents in stochastic thermody-
namics are usually studied within the Feynman-Kac tilting formalism, which
in the Physics literature is typically derived by some form of Kramers-Moyal
expansion, or in the Mathematical literature via the Cameron-Martin-Girsanov
approach. Here we derive the Feynman-Kac theory for general additive dynam-
ical functionals directly via Ito calculus and via functional calculus, where the
latter results in fact appears to be new. Using Dyson series we then independ-
ently recapitulate recent results on steady-state (co)variances of general addit-
ive dynamical functionals derived recently in Dieball and Godec (2022 Phys.
Rev. Lett. 129 140601) and Dieball and Godec (2022 Phys. Rev. Res. 4 033243).
We hope for our work to put the different approaches to the statistics of dynam-
ical functionals employed in the field on a common footing, and to illustrate
more easily accessible ways to the tilting formalism.

Keywords: Feynman-Kac theory, It6 calculus, functional calculus,
additive dynamical functionals, time-integrated density and current

1. Introduction

Dynamical functionals and diverse path-based observables [1-8], such as local and occupation
times (also known as the ‘empirical density’) [9—-17] as well as diverse time-integrated and
time-averaged currents [18-31] are central to ‘time-average statistical mechanics’ [32-34],
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large deviation theory (see e.g. [19, 22, 25, 26, 35]), macroscopic fluctuation theory [36-38],
and path-wise, stochastic thermodynamics [28, 29, 39-44].

Several techniques are available for the study of dynamical functionals, presumably best
known is the Lie-Trotter-Kato formalism [10, 45] that was employed by Kac in his sem-
inal work [9]. The techniques typically employed in physics rely on an analogy to quantum
mechanical problems (see e.g. [15]) or assume some form of the Kramers-Moyal expansion
[13, 16, 46, 47] (see also interesting generalizations to anomalous dynamics [12, 17]).

Deriving Feynman-Kac theory [9] of such additive functionals amounts to obtaining a
‘tilted’ generator which generates the time-evolution of the observables under consideration.
The tilted evolution operator can be obtained using the Cameron-Martin-Girsanov theorem
[48, 49]—a well-known technical theorem often employed in the Mathematical Physics
literature [21-23].

In this paper we develop the Ito [34, 50] and functional calculus [51, 52] approaches to
Feynman-Kac theory, whereby we a focus on the methodology and accessibility for readers
that are unfamiliar with the Cameron-Martin-Girsanov approach to ‘tilting’. We thereby hope
to provide two accessible alternative (but equivalent) ways to obtaining the tilted generator.
While the It approach already exists (see e.g. [34] for the empirical density), our functional
calculus approach is a generalization of the pedagogical work of Fox [51, 52] and is aimed
towards readers who prefer to avoid Ito calculus. Since both methods are equivalent they yield
the same tilted generator. This generator is subsequently used to re-derive recent results on the
statistics of time-integrated densities and currents obtained in [30, 31] using a different, more
direct, stochastic calculus approach that avoids tilting. In particular, these results illustrate the
use of the tilted generator to derive the statistics of time-integrated observables for finite times,
i.e. extending beyond large deviation theory.

The outline of the paper is as follows. In section 2.1 we provide the mathematical setup of
the problem. In section 2.2 we derive the Feynman-Kac equation for a general dynamical func-
tional of diffusion processes using Ito calculus. By generalizing the approach by Fox [51, 52]
we derive in section 2.3 the Feynman-Kac equation using functional calculus. In section 3 we
apply the formalism to compute steady-state (co)variances of general dynamical functionals
using a Dyson-series approach. We conclude with a brief perspective.

2. Tilted generator

In this section, we first introduce the considered stochastic dynamics and define what we call
‘dynamical functionals’. Subsequently we derive the tilted generator (i.e. the operator gen-
erating the time-evolution of time-integrated functionals) based on Ito calculus, and finally
equivalently also via functional calculus.

2.1. Set-up

We consider overdamped stochastic motion in d-dimensional space described by the stochastic
differential equation

dx, = F(x,)dt + odW,, (D

where dW;, is denotes increment of the Wiener process [50]. The corresponding diffusion
constant is D = oo’/2. For simplicity we stick to additive noise whereas all present res-
ults generalize to multiplicative noise D(x) as described in [31]. In the physics literature
equation (1) is typically written in the form of a Langevin equation
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% = F(x) +1(1), 0

with white noise amplitude (f(1)f(¢")") = 2D§(z — t'). Comparing the two equations, f(r) cor-
responds to the derivative of W,, which however (with probability one) is not differentiable;
more precisely, upon taking df — 0 one has ||[dW,/d¢|| = co with probability one, which is
why the mathematics literature prefers equation (1).

If one describes the system on the level of probability densities instead of trajectories, the
above equations translate to the Fokker-Planck equation 9,G(x,#|xo) = L(x)G(x,|Xo) with
conditional density G(x,#|xo) to be at x at time ¢ after starting in xo and the Fokker-Planck
operator [53, 54]

L(x) = =Vx-F(x) + Vx-DVy = =V, - jy, 3)

where we have defined the current operator j, = F(x) — DV. Note that all differential oper-
ators act on all functions to the right, e.g. Vy-F(x)g(x) = g(x)Vx - F(x) + F(x) - Vxg(Xx).
Although the approach presented here is more general, we restrict our attention to (possibly
non-equilibrium) steady states where the drift F(x) is sufficiently smooth and confining to
assure the existence of a steady-state (invariant) density ps(x) = lim,_, .o G(X,#|xo) and steady-
state current j,(x) = jyps(x). The special case ji(x) = 0 corresponds to equilibrium steady
states. For systems that eventually evolve into a steady state we can rewrite the current operator
as [31] (again the differential operator in Vyp ! (x) also acts on functions to the right if jx is
applied to a function)

Jx = Js(X)ps ' (x) — Dpy(x) Vapy ' (x). )

We will later also restrict the treatment to systems evolving from steady-state initial conditions,
i.e. the initial condition X, is drawn according to the density p;.

We define the two fundamental additive dynamical functionals—time-integrated current
and density—as

T=t
Jt:/ U(XT)OdXT

=0
o= / Vix,)dr, )
0

with differentiable and square-integrable (real-valued) functions U, V: R? — R and o denoting
the Stratonovich integral [50, 55, 56]. These objects depend on the whole trajectory X Jo<r<:
and are thus random functionals with non-trivial statistics. In the following we will derive
an equation for the characteristic function of the joint distribution of x, p;,J; via a Feynman-
Kac approach which will then yield the moments (including variances and correlations) via a
Dyson series. The formalism was already applied to the time-averaged density p,/¢ (under the
term of local/occupation time fraction) [9, 34, 57]. To do so, we need to derive a tilted Fokker-
Planck equation, which we first do via It6 calculus and then, equivalently, via a functional
calculus. Note that the tilted generator can also be found in the literature on large deviation
theory [22, 23] (in this case obtained via the Feynman-Kac-Girsanov approach).

2.2. Tilting via Ito’s lemma

We first derive a tilted the Fokker-Planck equation using It0 calculus. From the Ito-
Stratonovich correction term dU(x,)dx, /2 and dx,dx! =2Ddr (where D = oo’/2) we
obtain from equations (1) and (5) the increments (curly brackets {V ...} throughout denote
that derivatives only act inside brackets)
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dJ, = U(x;) odx, = U(x;)dx, + D{VU}(x,)dr
dp‘r = V(X'r)dT’ (6)

We use It6’s lemma [50] in d dimensions for a twice differentiable test function f = f(x;, p;,J;)
and equations (1) and (6), to obtain

9
&= Z dX’ f ,+Z
d
! of idy! o’f iqy >f iqy
szzzl <axi8xjdXde{ " 3Jiafjd]td][ * Zaxiafjdxtht>

= [(Vxf) + (ViH)U)|[F(x,)dt + odW,]| + (Vi f)D{VU}(x,)dt + V(x,) O, fdt
+ (VIDVy + U(x,)*VjDV; 4+ 2U(x,) ViDVy) fdt. (7

For the time derivative of f this gives

d
&f(xmph'}l‘) = |: <F+

dw,

5 )(V + UVjy) +{VxU}DVjy

+ V0, + VIDVy + U*VIDV; + 2UVIDVy | f(x0, 01, d1). (8)

Following this formalism, we move towards a tilted Fokker-Planck equation [9, 34]. Using the
conditional probability density Q,(x, p,J|xo) we may write (omitting x dependence in F, U,V
for brevity) the evolution equation for (f(x;, p;,J;))x,, i-e. the expected value of f(x;, pr,J;)
over the ensemble of paths propagating between X, and x in time ¢. Using equation (8) and
integration by parts, we obtain (note that non-negative functions V > 0 imply p > 0, such that
one would restrict the p-integration to fooo dp as in [34])

d
U= [at [ ap [ @t 000,030,310

= /ddx/ dp/deQ,(x,p,J|x0) [F(Vx+ UVy) +{ViU}DV}
+V0, + VIDVy + U*VDV; +2UVIDV,] f(x,p,J)
— / d’x / dp / dJf(x,p,J) [~ V<F — UFVj — {V,U}DVy - V0,

+VIDVy + UPVIDV; +2UVIDV)] 0:(x, p,J|X0). )

Since the test function f is an arbitrary twice differentiable function, the resulting tilted Fokker-
Planck equation reads

8th‘(X7p7J|X0) :‘éx,p,JQt(XapvJ‘XO)a (10)
with the tilted Fokker-Planck operator'

! For non-negative functions V>0 an additional boundary term appears at p=0 upon partial integration in
equation (9), leading to an extra term —V(x)d(p) in equation (10) that ensures conservation of probability (see [34]).
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Ly py=—Vx-F(x) + VIDV, - V(x)d, — UX)F(x) - Vy
—{VxU(X)}'DVy + U(x)*ViDVy + 2VIDV,U(x)
~[Vx+ UX)VyIF(x) — V(%) + [Vx+ UX)Vy] D [Vy + UX)Vy]. (an

We see that the p dependence enters in standard Feynman-Kac form [9, 34], whereas the J
dependence enters less trivially and shifts the gradient operator Vi — Vx + U(x)Vj.

2.3. Tilting via functional calculus

We now re-derive the tilted Fokker-Planck operator in equation (11) using a functional cal-
culus approach [51, 52] instead of the It6 calculus in the previous section. This shows that
both alternative approaches are equivalent, as expected. We closely follow the derivation
of the Fokker-Planck equation in [51] but for d-dimensional space and we generalize the
approach to include the functionals defined in equation (5). The following approach is equival-
entto a Strat0n0v1ch interpretation of stochastic calculus which is manifested in the conven-
tion [ (¢')dt’ = [} 6(t—1")dt’ = 1/2 [51]. The white noise term f(7) with (f(r ), =
2DS(T — 1 ) in the Langevin equation (2) can be considered to be described by a path-
probability measure [51]

1 t
P[f] = Nexp {—2 / f(T)TD_lf(T)dT] , (12)
0
with normalization constant N which may formally be problematic but always cancels out.
We now derive a tilted Fokker-Planck equation for the joint conditional density Q of x, and

the functionals J;, p;, as defined in equation (5), given a deterministic initial condition xg at
time t =0,

0:(x, p, J[%0) = / DEPIS(x — x)5(p — p)o(J —J,). (13)

Note for the time derivatives that J, = U (x,)%, and p, = V(x,) to obtain (as a generalization of
the calculation in [51] to dynamical functionals)

00(x.p.J.1}x0) = /Dw (x—x)5(p — 6T — 1)
- /Dfp[f] [V % — B — Vy -3, 6(x—x)8(p — p)6(T - J,)

= / DEP[f] [~V - [F(x;) +£(1)] — V(x,)8, — U(x,) [F(x;) +£(1)] Vy]

X 6(x—%,)0(p—pr)o(J —Jy)
= [-ViF(x) = V(x)0, — UX)F(x)Vj] O:(x, p,J|x0)

— [Vx+U(x)Vy] - /DfP[f]f(t)(S(x —x)0(p—p)d(J—1,). (14)
The functional derivative of equation (12) reads [51]
P _ _LIpieem, (15)

o) 2
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which we use to obtain, via an integration by parts in 6f(z),

—/DfP[f]f(t)é(x—x,)d(p—p,)é(J—J,) :2D/Df(;?([gé(x—x,)é(p—p,)é(J—Jt)
_ —ZD/DfP[f]éf(t)(S(x—x,)é(p—p,)é(J—Jt).

(16)

As before, differentials are understood to act on all functions to the right, i.e. 6%(1) here acts on

the full product of delta functions. We obtain
1)

F(t)é(x —x)0(p—p1)6(J = Ji)
—vx(s‘i?;—ap;i’{;)—vjﬁ?; S(x=x)3(p—p)d(I=J), A7)

and we use that §p,/0f(¢) = 0, and 0x,/6f(t) = 1/2 [51] which implies 6J,/6f(¢) = U(x,)1/2,
to get

afé(t) S(x—x)8(p—p)oI — ) = % [~V = U) Vi d(x =x)3(p = p)6(I = J).  (18)

Plugging equation (18) first into equation (16) and then into equation (14) yields the tilted
Fokker-Planck equation for the joint conditional density

0:0:(x, p,J|x0) = | — VxF(x) = V(x)d, — U(X)F(x)Vy
+ [Vx+ UX) V)] D [Vx+ UX) V] |Qi(x,p,I[%0).  (19)

Note that equation (19) fully agrees with equation (11) derived via It6 calculus thus establish-
ing the announced equivalence of the two approaches.

3. Steady-state covariance via dyson expansion of the tilted propagator

In this section we employ the tilted Fokker-Planck equation (19) to derive results for the mean
value and (co)variances of time-integrated densities and currents. These follow as derivatives
of the characteristic function evaluated at zero, and it thus suffices to treat the tilt as a per-
turbation of the ‘bare’ generator (see [34]). The derivation is based on a Dyson expansion of
the exponential of a Fourier-transformed tilted generator (i.e. tilted Fokker-Planck operator).
Therefore, consider a one-dimensional Fourier variable v and a d-dimensional Fourier variable
w = (wy,...,w,y) and define the Fourier transform of Q;(x, p,J|xo) as

0:(x,v,w|Xp) E/ dp/deQ,(x7p,J|xo)exp(—iup—iw-J). (20)

In the case V>0 where p >0 one would instead take the Laplace transform in the
p-coordinate, see [34]. Recall the (untilted) Fokker-Planck operator i(x) = —Vy -jx with
the current operator jx = F(x) — DV from equation (3). The Fourier transform of the tilted
Fokker-Planck operator in equations (11) and (19) reads

L(x,v,w) = L(x) — ivV(x) —iw’ - LY(x) — U(x)’w Dw,
LY(x) = U(x)jx — DV, U(x). (1)

6
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As always, the differential operators act on all functions to the right unless written inside
curly brackets, i.e. VxU(x) = {VxU(x)} + U(x) V. Note that whereas we obtained the tilted
generator directly and only subsequently Fourier transformed it, there are also approaches that
directly target the Fourier image of the tilted generator (see e.g. [58]). Compared to the tilt
of the density (i.e. the v-term; see also [34]), the tilt corresponding to the current observable
(w-terms) involves more terms and even a term that is second order in w. The second order
term occurs since (dWT)2 ~ dr and therefore (in contrast to drdW, and d72) contributes in
the tilting of the generator.

We now restrict our attention to dynamics starting in the steady state ps and denote the
average over an ensemble over paths propagating from the steady state by (-),. Extensions of
the formalism to any initial distribution are straightforward and introduce additional transient
terms. For the derivation of the moments of p, and J;, we introduce and expand the character-
istic function (also known as moment-generating function)

~[p_](l/7w|ps) = <e—in1—iw-J,>s — 1 _ iV <p[>s — lw . <Jt>s —VWw - <tht>s + 0(w27V2), (22)

This expansion in v,w will now be compared to the Dyson expansion of the exponential of
equation (21) which yields expressions for (pr), , (Ji) , (pJ:) by comparing individual orders.
The Dyson expansion allows to expand for small ||, |w| (see also [34])

1 ~ ~
eLxivw) — 14 / dry el B0 G=1) [W(Xl) +ol ]:U(Xl)} RACHY
0

t 15) R N
- / dty / delx)(=) [VV(x1)+wT~LU(x1)} el () (=)
0 0
x [VV(XI) + wT'I:U(Xl)} ellxn 4 O(w?,1%). (23)

Using that the first propagation only differs from 1 by total derivatives (recall I:(x) =—Vx -jx),

I:(Xl)tl

and using for the last propagation term e ps(x1) = ps(X1), we obtain

~ t A~
P (v,w|py) Z/ddxl L @)ip (x)) = 1—i/ddx1/ dn [VV(Xl)‘FwT'LU(Xl) ps(X1)
0

d t n X
- Z /dd)q/ dlz/ dn [VV(XI) +wT.LU(X1)} eL(x1) (=)
0 0

I,m=1

X {I/V(X]) +wl. ﬂU(xl)] ps(x1) + O(w?* V). (24)

We substitute the one-step propagation by the conditional density G(xa,1]x;)=
el 15 (xy — x;) [56, 591,

/ dhx f(x; )el 0D g(x) = / dx, / df(%0)G(x0, 12 — 1i|x1)g(x1),  (25)
which yields
PP (v,wlps) = 1-i / ddx, /0 tdtl [VV(XI) +wT-LU(x,)} ps(x1)
- / dx, / dx, /0 dn /O " [uv(x2)+wT-ILU(x2)]
X G(Xa,12 — 11]%1) [VV(xl) + wT.I;U(xl)} p(x1) 0w ?).  (26)

7
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This concludes the expansion of the exponential of the Fourier transformed tilted generator.
Now, by comparing the definition and expansion of the characteristic function equation (22)
with the result equation (26) from the Dyson expansion, we obtaln the moments and correla-
tions of the functionals J, = f U (x;) odx, and p; = fo x,)dr.

Note that the first moments (i. e the mean values for steady-state initial conditions) can also
be obtained directly [18, 31] but we obtain them here by comparing the terms of order v and
w in equations (22) and (26),

(pr)g = /Otdt] /ddxl V(x1)ps(x1) zt/ddle(xl)ps(x])

uaﬂ/ﬁwmm4wwmmmhjﬁmmmmx@n

where Vy, U(x;)ps(x;) vanishes after integration by parts and j(x;) = jx,ps(X) is the steady-
state current.

By comparing the terms of order vw in equations (22) and (26) we have for the steady-state
expectation (J;p;) that

(Jipo)s /dlz/ dl1/d xl/ddxz

[ﬁ x2)G(Xa,12 — 11]x1) (x1)+v<x2)c(x2,2—z1|x1)LU(xl>} ps(x1)

/dlz/ dll/ddxl/ddxz X2 .]m (X27 2—l1|X1) (Xl)

+ V(XZ)G(X%[Z —h |X1)[U(X1)jX1 - Dvm U("l)} ps(xl)~ (28)

We note that for any function f the following identity holds

/OdtZ/Ozdth(tz—tl)Z/O dr’(r—1")A(t'), 29

and further introduce the shorthand notation

Tigl-+] /tdt’(tt')/ddxl/ddsz(xl)V(xz)[m]. (30)

Moreover, we define the joint density Py(x,f) = G(x,t|y)ps(y) and following [31]
introduce the dual-reversed current operator ji = js(X)/ps(X) 4+ Dps(X)Vyp ! (x) =
—jx('s — —Js). With these notations, using integration by parts, and by relabeling x; < x; in
one term, we rewrite equation (28) to obtain for the correlation, reproducing the main result
of [30, 31],

o), = (00 iy = Ty [ P (x1,0") 3 (30 (30 Py, (2, 1)
+ Dpy(x1) Vi p(x1) ™ Py (32| = (1) (o)

=Tty [P (x18") 5 Py, (%0,1) = 24 (x1)ps(2)| . B

We will discuss this result below, but first derive analogous results for (co)variances of densities
and currents, respectively.

Instead of obtaining (p7 ), from the v order in equation (26) we here consider a gen-
eralization to two densities, p; = fo (x,)dT and p, = fo (x,)dr. The Fourier-transformed
tilted generator in equation (21) with Fourier variables v, v’ corresponding to p;, p, is obtained

8
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equivalently and gives £(x,v,v’) = L(x) — ivV(x) — iv’U(x). The related term in the Dyson
series (by an adaption of equation (26) including v’ U) becomes [vV(x2) + v'U(x,)]|G (X2, 12 —
t1]x1)[pV(x1) + v/ U(x1)]ps(x1) (see also [34]). By comparison with the characteristic function
in equation (22) including p/, one obtains the known result [9, 34],

(o]} = (o) (p1)y = Ty [Py (x1,1") 4 P (x2,1") = 2ps (x1)ps(x2)]. (32)

For U =V this becomes the variance of p, which can also be obtained from the order % in
equations (22) and (26).

To obtain the current covariance, we accordingly require a tilted generator with two Four-
ier variables w,w’ corresponding to J, = f:::Ot U(x;)odx, and J] = f:::Ot V(x;) o dx,, which
can, by the same formalism, be derived as

Lx,w,w')=L(x)—iw” - LV(x) —iw'" - LY(x) - U(x)*wDw — V(x)’w' Dw’
—2U(x)V(X)w Dw’
LY(x) = V(x)jx — DV, V(x). (33)
The Dyson series (by adapting equation (26)) based on £(x,w,w") for two currents J, J’ reads

73'”,(“"’ wl|Ps>

= 1—/ddx1/ dry {1 LY(x)) +iw’ LV(X1)+2U(X1)V(X1)(UTD(U/} ps(x1)

Jou oo s

xG(xz,tz—tl\xl)[ LY(x)) +iw- LV(xl)}pS(xl)JFO( ?), (34)

The expectation Value of the product of current components <J,,n1{’m>s is given by the terms
that are linear in w,w/, i.e. (recall D,,, = D,,,)

t
<Jt,n‘]t/,m>g = 2tDnm/ddX1 U(Xl)V(Xl)ps(Xl) +/ dt/(t— l‘/) /ddxl /ddXQ
‘ 0
x [ig(xz)G(Xz’ﬂXl) Ly (x1)ps(x1) + Ly (%2) G (2, [x1) -if,](xl)ps(m)]' (35)
We denote by = equality up to gradient terms that vanish upon integration to write

Ly (x2)G(xa,1"[x1) - Ly (x1)ps(x1)
ZU(X2)jo nG(X2,7[X1)
X [V(x1)js(x1)ps " (x1) = ps(x1)DVy s (x1) ' =DV, V(x1)], po(x1)
ZU(x2) V(%1 mlls (x1)p5 " (%1) 4 ps(x0)DVy, pg ' (x0) G (X2, 2 [x1 ) (x1)
= U(%2) V(%1 o by P, (%2,1)- (36)

Inserting this into equation (35), and relabeling in one term Xx; <+ X, we obtain for the nm-
element of the current covariance matrix

Tind i) = Jin)s (Tm) = 2tDom / dx; U(x))V(x1)ps(x1)

Ty [t P (51,0) -3y P (2] (37)
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This reproduces and slightly generalizes the main result of [30, 31] where the diagonal ele-
ments (m = n) of the covariance matrix were derived. This result for the current covariance
matrix and equation (31) for the current-density correlation are the natural generalizations
of the density-density covariance equation (32), as described in detail in [30, 31], with the
additional 2¢D,,,,-term in equation (37) arising from the (dW,)? contribution in Jint!,, mani-
fested in the term —2U(x)V(x)w’Dw’ in the tilted generator in equation (33). While the
density-density covariance equation (32) only depends on integration over all paths from x;
to X, (and vice versa) in time ¢ via Py, (x2,1"), the current-density correlation equation (31)
instead involves jy, Py, (X1, ') and ji, Py, (X, ") which describe currents at the final- and initial-
points, respectively [31]. This notion is further extended in the result equation (37) where
jXZ,nﬁl mPx, (X2,1") corresponds to products of components of displacements along individual
trajectories from x; to x; [30].

4. Conclusion

We employed a Feynman-Kac approach to derive moments and correlations of dynamical func-
tionals of diffusive paths—the time-integrated densities and currents. We presented two differ-
ent but equivalent approaches to tilting the generator—It6 and functional calculus. These two
approaches illustrate how one can freely choose between It6 and functional calculus to derive
results on dynamical functionals. In particular, both approaches are accessible without further
technical mathematical concepts such as the Cameron-Martin-Girsanov theorem that is often
used in the study of tilted generators. Our methodological advance thus provides a flexible
repertoire of easily accessible methods that will hopefully prove useful in future studies of
related problems.

The derivation of the moments and correlations based on the tilted generator reproduces
results with important implications for stochastic thermodynamics and large deviation theory,
in particular for the physical and mathematical role of coarse graining [30, 31], and thereby
displays how the tilted generator yields results on the statistics of dynamical functionals, even
beyond the large deviation limit.
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