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∫

ÈÊÉHËÍÌVÎÏÌ.Ð~ÑbÒ)Ñ~Î d3N~x d3N~p ρ(~x, ~p) =

∫ ÈÓÉHËÍÌVÎÏÌ�Ð~ÑbÒ)ÑbÎ d3N~x d3N~p e−βH(~x,~p)

Z
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Z ÈÊÉHËÍÌVÎÏÌ
Z

ÓÔ~Lz«À«%¿8º8¬S|�~8��z}É��°¶áÀ{�N�°�N~��NÀ«�ÁÂ

F = −kBT ln(Z) � �%¤²�q�
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∆F = F ÈÊÉHËÍÌVÎÏÌ − F ÔVÕ�ÈÓÉHËÍÌVÎÏÌ � 0

ÿ�É8�NÀ{�
F ÈÓÉHËÍÌeÎÖÌ = kBT ln(Z ÈÊÉHËÍÌVÎÏÌ )

¨�~�¿
F ÔVÕeÈÊÉHËÍÌVÎÏÌ = kBT ln(Z ÔVÕeÈÊÉHËÍÌVÎÏÌ )
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��¿8|�ª<z}À{|�ê8º�z«�N¿�¨�¬N¬S�À«¿8|¦~8�:z«�¨�~
º8~8óL~8Fÿ�~�¿8�S~8ª«|ÕzÔÂ

ρ(~x, ~p)
(8�Nª<z}|�È:¨Áz«�y|¦z}ª)�S~�z}À«�®LÂ

S = −kB 〈ln(ρ)〉 = −kB
∫

Γ

d3N~x d3N~p ρ(~x, ~p) ln [ρ(~x, ~p)] � �%¤¾éM�
ÓÔ~`z«É8��¶á�¸�¸¦Fÿ�|�~8�&ª{�N¬ z}|��~8ª�ÿÇ�Jÿ�|�¸¦¸Ñ´µÀ{ª{zÍÀ«� Ù¯|¦�SÿÛª«�SÙ��NÀ«¨�¸�� Ú¯|�ª<z}|�~��]È:� z}É8%¿8ª�z·¨�¬·óL¸¦|�~8�
z}É8|¦ªy®8À«�ê�¸��NÈ�(Bÿ�É8|¦¬·É ÿÑ��ÿ�|�¸¦¸/º8ª{�Í¸�¨Áz}�SÀ
�~�¨�ªyê8º8|¦¸�¿8|¦~8��ê8¸¦¯¬·óLª±¨�~8¿µ´Á�Àyê��N~8¬·É8È:¨�À{ó%ª
¶á�À)�º8À�¨�®�®8À«�¨Á¬·ÉQ¤
Ó zìê��N¬N�È:�Sªì¬N¸¦�W¨�À±¶áÀ«�È Êv¹�¤ �¯¤Åé+z}Éµ¨7z��N~�z}À{�®�Â�¬N¨�~8~8�z êR�Ë¬N�ÈÍ®8º�z«�N¿ |�~�¨�ª{z«À}¨�|¦��É�z��
¶á�À{ÿÇ¨�À«¿JÿÇ¨FÂ2( êR�S¬W¨�º8ª{��Á¶>zÔÿÑ:®�À«�ê8¸¦�NÈÍª�¨�¸�À{�W¨�¿¯Â�È:�S~�z}|��~8�N¿J|�~�z«É8�°|�~�z}À{¯¿8º�¬Sz}|¦�~|�vÓ z
|�~�Ù��¸ÕÙ��Sªo¨�~°|�~�z}�S��À}¨�¸��Ù��NÀ2z}É�� ÿ�É8�¸��v®�Éµ¨�ª«�sª{®µ¨�¬N�vÿ�É8|¦¬·É�|¦ªQ¬N�È:®8º¯z·¨Áz«|��~µ¨Á¸�¸¦Â�|¦~�¶á�W¨Áª«|�ê�¸��
¨�~8¿ |ÕzDÀ«�N¹Lº8|¦À«�Sª/óL~8Fÿ�¸��S¿8���×�¶8z}É��Ñ¿8�S~8ª«|ÕzÔÂ

ρ(~x, ~p)
ÿ�É�|�¬·É |¦ª>~��z ¨Á¬N¬N�Sª«ª{|�ê8¸¦�Ñ|¦~ ¨�ª«|�È º8¸÷¨'�

z}|��~Q¤
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Ò)É8�SÀ«�+¨�À«��zÔÿÑ�È:¨�|�~�ÿÇ¨WÂ%ª:z}]ÿÑ�À«ó`¨ÁÀ«�º8~�¿âz«É8|�ª
¿8| }Í¬Nº8¸ÕzÔÂí�s§×Â�È:�N¨�~8ª��¶Dz}É8�°À{�N¸÷¨7z}|��~

ρ(~x, ~p) =
e−βH(~x,~p)

Z
�~�� ¬W¨�~ À«�S¬N�~8ª<z}À{º8¬Sz�z}É��â¿��N~8ª{|¦zÔÂ�¶áÀ{�È z«É8�`�N~l�
�SÀ«��Â2(Rÿ�É8|¦¬·É`�e/2��ê�� ¬N�È:®8º¯z}�N¿+|�~�z}É8��ª«|�È º8¸÷¨Áz«|��~B¤
Ò)É8|¦ª�¨�®8®8À{�¨�¬·É É8FÿÇ� Ù��SÀ�|¦~LÙ��¸¦Ù��Nª ¨�¸¦ª«$z}É8� ®8¨�ÀY�
z«|¦z}|¦�~,¶áº�~8¬Sz«|��~

Z
ÿ�É8|¦¬·ÉØ|�ª&¿8| }Í¬Nº8¸Õz&z}$�ê¯z·¨�|¦~Q¤

Ò)É8�SÀ«ÈÍ¯¿¯Â¯~8¨�È:|¦¬`|�~�z}�S��À}¨Áz«|��~ � ¬·Éµ¨�®�z«�NÀ`�¯¤ Ä8¤¾�q�&|�ª
¨�~:�N~�z}À{�®�ÂÍ�Nª{z«|�È:¨Áz}|¦�~#È:� z}É8%¿#¶á�¸�¸¦�ÿ�|¦~8�
z}É�|�ª×¨�®l�
®8À{�¨�¬·ÉQ¤±�FÿÑ�SÙ��NÀz«É8|�ª)ÈÍ�Sz«É8%¿�|¦ª)�~8¸ÕÂ�¬W¨�®8¨�ê8¸��yÁ¶
¬N¨�¸�¬Sº8¸÷¨Áz«|�~8� �N~�z}À{�®�ÂJ¿8|~�R�NÀ{�N~8¬S�NªN¤

¥W�



Ð!¸Õz}�NÀ{~µ¨Áz«|¦Ù��S¸¦Â2(>¨�¿8�S~8ª«|ÕzÔÂ�¬W¨�~�êR�#�ê¯z·¨�|¦~8�N¿�ê�Â]´8z«z«|�~8��¨�~�¨�~µ¨Á¸¦ÂLz}|¦¬W¨�¸ ¿��N~8ª{|¦zÔÂ ¨�~8ª«¨ÁzV�
z}Íz}É8�±z}À}¨>�{�N¬Sz«�À{Â�¤�Ò)É8� ¶á�¸¦¸�Fÿ�|�~8��¬·É8¨�®�z}�SÀ
¿8�Sª«¬NÀ{|�ê��Nª�z}É8��¬N�~�Ù��S~�z}|��~µ¨�¸oz}�N¬·É�~8|�¹Lº8�ìÁ¶
z}É8|¦ª)óL|�~8¿Q¤

�|õÕí�õ�� çy���F����ßR¢`çyðS����Þ�à����á��� �DðW���£
÷ö��7���>���áßDàµå�øDÝ���Þ�ßv���D¡%�R��ø����oàµå5¢oðW��ð

Ò)É8��È:�ª{z�ª{º8¬N¬S�Nª«ª<¶áº8¸�¨�~8ª}¨7zV�&¶á�ÀJ¨�´8z�¶áº�~8¬Sz«|��~$ÿÇ¨�ªJ®8º�z�¶á�À<ÿ©¨�À{¿*êLÂù�±¨ÁÀ«®8¸¦º8ª�|�~
¥Fé�õ�¥�$Å�ÁÄ2&G¤vÓ z�ÈË¨�óÁ�Nª�º8ª{���¶Dz}É��°¶�¨Á¬Sz�z}Éµ¨7z)z}É8�°�N~�z«À«�®�ÂJ¬W¨Á~+ê��°ª«®8¸¦|¦z)|¦~Lz«Í¨#®��ª{|¦z}|¦�~%Î
¿8�N®��N~�¿8�N~�z!¨�~8¿J¨�È:�È:�S~Lz«º8ÈìÎ%¿8�N®��N~�¿8�N~�z�®µ¨�À<zS(�¨�ª©ÿ©¨Áª��øÚ¯®8¸÷¨�|¦~8�N¿J¨ÁêRFÙ��Á¤Ñý¯|�~8¬S�
z}É8�
¬N�ÈÍ®8º�z}¨Áz}|¦�~��¶ z}É�� ¸÷¨7z«z}�SÀ¬N¨�~&ê���®��NÀ<¶á�À«ÈÍ�N¿�¨�~µ¨�¸ÕÂLz}|�¬N¨�¸�¸ÕÂËz«É8� ®8À{�ê8¸¦�NÈ»À«�S¿8º8¬S�Nª
z}
´µ~8¿8|¦~8�Í¨�~+¨�~8ª}¨7zV�y¶á�À©z}É��±¬S�~�´µ��º8À}¨Áz«|��~8¨�¸B®µ¨ÁÀ{z��¶>z}É8�y¿8�S~8ª«|ÕzÔÂ�¤
Ò)É8|�ª�|¦ª¨Á~+�øÚ¯z«À«�SÈ:�S¸¦Â�¿8| }Í¬Nº8¸Õz)z·¨�ª{ó�|¦¶>�~8�±¨�|�ÈÍª�¨Áz¨�~+¨�~8ª«¨ÁzV�y¶á�À)z}É��°ÿ�É��¸��°ª{Â%ª<z}�NÈ
¬N�ÈÍ®8À{|�ª«|¦~8�`®8À«Áz}�N|¦~�¨�~8¿Öª{�¸¦Ù��N~�zW¤ú�µ�À�z}É8� ®8À«Áz}�N|¦~*ª«º8ê8ª{®µ¨�¬S��É8FÿÇ� Ù��SÀ&¨`¿8�N~8ª{|¦zÔÂ
�Nª<z}|�È:¨Áz«|��~�¬N¨�~�êR�y®8º¯z�¶á�À{ÿÇ¨�À«¿|(8¨�ª©ÿ©¨Áª¿8�~8�yê�Â��°¨�À«®8¸¦º8ª)|�~�É�|�ªy¥Fé�õ¯¥±®8¨�®R�SÀN¤×ý¯|¦~8¬N�
¨�¸�¸µ¶á�¸¦¸�Fÿ�|�~��±¿��NÀ«|ÕÙÁ¨Áz}|¦�~8ª×|�~�Ù��¸ÕÙ���~8¸¦Â#z«É8�!®8À{�z}�S|�~:ª«º8ê8ª{®µ¨�¬S�2(8ÿÑ�!ÿ�|�¸¦¸�¿�À«�®Ëz«É8�!¸�¨�ê��N¸
P
¨�~8¿Í¿8�S~8�z}��ê�Â

~x
ÿ�É8¨Ázsÿ©¨�ªs¶á�À{È:�SÀ«¸¦Â

~xP
¤ Ð¸�ª«yz«É8�~Lº8È êR�SÀ×Á¶B¿8�S��À«�S�Nª×�¶B¶áÀ{�N�S¿8�È

ÿ�|�¸¦¸Bê��±¿��N~8�z«�N¿+êLÂ
3N

|�~8ª<z}�N¨�¿J�¶
3P

¤
Ò)É8���°¨�À«®8¸¦º8ªy¨�~�ª}¨Áze�ì¶á�À!z}É���¿8�N~8ª{|¦zÔÂ�|�~&z}É���®8À«�z«�N|¦~]ª«º8ê8ª{®µ¨�¬S�:|¦ª
êµ¨�ª{�N¿��~]z}É8�ì¶á�¸ �
¸�Fÿ�|�~���È:�z«|¦ÙÁ¨Áz«|��~|�
ò
~8�!|¦ªÑÈÍ�ª{z«¸¦Â�|¦~�z}�NÀ{�Nª<z}�N¿�|¦~Íz«É8�!�S~�z}À«�®LÂ:�¶2��|¦Ù��S~�ª{z}¨Áz}�SªÇ�¶Bz}É8�®8À«�z«�N|¦~|(Lª«º8¬·ÉJ¨�ª×z}É8�
¶á�¸�¿��N¿�ª<z·¨Áz«��¤+Ò)É8�Nª{��ª{z}¨Áz}�Sª�¨�À«�Í�¶5z«�N~�¿8� ´µ~8�S¿`¨�ª�z«É8�:Ù%|�¬S|�~8|ÕzÔÂ��¶�¨�¸¦¯¬N¨�¸v�À���¸��ê8¨�¸
È:|¦~8|�È º8È»�~�z«É8�ì¶áÀ«�S�ì�N~8�SÀ«��Â�¸÷¨�~�¿8ª«¬N¨�®R�#(Q| ¤ ��¤ (Rz«É8�ì�S~8�NÀ{��Â&¸�¨�~8¿8ª{¬W¨�®��ì|�~�¬N¸�º�¿8|�~8�Íz}É8�
®8À«Áz}�N|¦~#�N~8�SÀ«��Â#¨Áª ÿÇ�S¸�¸µ¨�ªvz«É8�)È:�N¨�~#¬N�~�z«À«|�ê�º�z}|¦�~��¶�|�~�z}�SÀ}¨�¬ z}|¦�~#¨�~8¿#ª«�¸¦Ù��S~�zÑ�S~8�NÀ{��Â�¤
ÓÔ~ z«É8��Ù%|�¬N|¦~8|¦zÔÂ+�¶Çª«º8¬·É�¨�ÈÍ|�~�|�Èìº8È

~x0

(2z}É��ì¶áÀ«�N�#�S~8�NÀ{��Â�¬W¨�~ ê���� Ú¯®µ¨�~8¿��N¿�z«J´8À«ª{z
�À«¿��NÀ�$Õ¥NÄ2&

F ≈ F (~x0) +
1

2
(~x− ~x0)TU(~x− ~x0) � �¯¤Õ¥F�M�

ÿ�É8�NÀ{�
U = ∂2F

∂xi∂xj
|~x0

|¦ª±z«É8�Íª«�N¬S�~8¿�¿��NÀ«|ÕÙÁ¨Áz}|ÕÙ��#�¶
F

¨Áz
~x0

¤�Ò)É��Ë¿8�S~8ª«|ÕzÔÂ�~��W¨�À°z}É8�
È:|¦~8|�È º8È ÿ�|�¸�¸Rz}ÉLº8ª�êR�°®8À{�®��À{z«|��~µ¨Á¸Rz}Í¨�Èìº8¸Õz}|ÕÙ�¨ÁÀ«|÷¨7z}�!w±¨�º�ª«ª«|�¨�~�¶áº8~8¬ z}|��~

ρ(~x) ∝ e−
1

2kT
(~x−~x0)TU(~x−~x0) � �¯¤Õ¥�¥��

�°¨�À«®8¸¦º8ªvª«º������Nª<z}�S¿Íz«±�ê�z·¨�|¦~#¨�~Í�Nª{z«|�È:¨Áz}|¦�~ì�¶ z«É8��¿8�N~8ª{|¦zÔÂ�ê�Âì´�z«z}|¦~8�±¨
Èìº8¸Õz}|¦ÙÁ¨�À{|÷¨Áz«�
w±¨Áº8ª«ª{|÷¨�~�¶áº8~8¬ z}|¦�~�z}�z}É8�°�S~8ª«�SÈìê8¸��Á¤

ρ(~x, ~p) =
1

(2π)3N/2|C|1/2 e
− 1

2
(~x−~x0)T C−1 (~x−~x0) � �¯¤Õ¥��q�

ý¯|�~�¬N� z}É8|¦ª ¨�~8ª}¨7zV�`|�ª�ÈÍ�z}|ÕÙ�¨7z}�N¿ïê�Â Êv¹ ¤±�¯¤Õ¥�¥q(�|¦z�|¦ª�¨�¸�ª{*À«�S¶á�SÀ«À{�N¿�z«Ö¨Áª÷û �DàµðN�à³
 Dà��ÁÞ��R�D����à8ßDßD�7�	üo��Þ�à����á����/|¦z ®µ¨�À«¨�È:� z}�SÀ«ª Á¶�z«É8��¨�~�ª}¨Áze��¨�À«�:z}É8�Ë¶áº�~8¬Sz«|��~|� ªì¬S�N~�z}�SÀ

~x0

¨�~8¿ |¦z«ª
3N

®8À«|¦~8¬N|¦®µ¨�¸

¥�¥



principal components
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~ai
( ÿ�É8|�¬·Éâ¨�À{�Ëz}É8���S|����S~�Ù��N¬ z}�À{ª#�¶�z}É8� ���%æ8à8�7�áàµ�>��¡�Þ�à��F�7�àü

C
¤ |C|¿8�N~8Áz}�Nª)z«É8�°¿8�Sz«�NÀ«ÈÍ|�~8¨�~�z��¶

C
¤

�/|¦z{z}|�~��#z«É8|�ª�¶áº8~8¬ z}|¦�~+z«�¨Íz«À}¨��{�S¬Sz}�À{Â�|�ª�¬N�ÈÍ®8º�z}¨Áz}|¦�~µ¨�¸¦¸¦ÂË|�~8�øÚ�®��N~�ª«|¦Ù���¤Ò)É8� ¬S�N~�z}�SÀ
~x0

|¦ª)�ê�z·¨Á|�~8�S¿�¬S�~�Ù��S~8|��S~Lz«¸¦ÂJê�ÂJ¨WÙ��SÀ}¨���|�~8�#FÙ��SÀ�z«É8�y¶áÀ}¨�ÈÍ�Nª)�¶Dz}É��°z«À}¨��{�S¬Sz«�À{Â

~x0 = 〈~x(ti)〉t

〈·〉t
É8�SÀ«�×¿8�N~��z}�Sª>z}É��sz«|�ÈÍ�s¨WÙ��NÀ«¨����#(�| ¤ �2(Fz«É8�Ç¨WÙ��NÀ}¨Á���s�Ù��NÀ/¨�¸�¸�¶áÀ«¨�ÈÍ�Nª2�¶¯z}É8�vz}À«¨��{�N¬ z}�À<Â�¤

Ò)É8� È:¨�|�~�¨7Ú¯�Sª
¨�À{��¬·É8�ª«�N~]ª{º8¬·É&z}É8¨Ázz«É8�SÂ��S¹%º8¨�¸Dz«É8�±®8À«|¦~8¬N|¦®µ¨�¸2¬N�È:®��~8�S~Lz«ª!�¶>z}É8�
z}À}¨>�{�N¬Sz«�À{Â�¤>Ò)É�|�ªo|�ª2¿8�~8�sêLÂ
ª«�Sz{z}|¦~8��z«É8�s¬NFÙÁ¨�À«|�¨�~8¬S�vÈË¨Áz«À«|ÏÚ

C
�S¹Lºµ¨�¸�z})z}É��×¬SFÙ�¨ÁÀ«|÷¨Á~8¬N�

ÈË¨Áz«À«|ÏÚ��¶Dz}É��°z«À}¨��{�S¬Sz«�À{Â�¤

Cij = 〈(xi − x0i) · (xj − x0j)〉t � �¯¤Õ¥F½M�
Ò)É8�°�N~�z}À{�®�ÂJ�¶>z«É8�y´8z«z«�N¿�¿8�N~�ª«|¦zÔÂJ¬N¨�~JêR�°¬S�È:®�º�z}�S¿�¨�~8¨�¸¦ÂLz}|¦¬W¨�¸¦¸¦Â�Â%|��S¸�¿8|¦~8�

S =
3

2
NkB +

1

2
kB ln

[
(2π)3N |C|

] � �¯¤Õ¥WÄ;�

Ò)É8|�ªD¨�®8®�À«�¨�¬·É±É8FÿÑ�SÙ��SÀ/ª{º0�B�SÀ«ªo¶áÀ«�ÈÖ¨©z}�N¬·É�~8|�¬N¨�¸L®8À«�ê�¸��NÈ��QÒ)É8�s¬S�ÙÁ¨�À{|÷¨�~�¬N�sÈË¨7z}À«|ÏÚ
Á¶
¨Áz}�ÈÍ|�¬��µº8¬ z}ºµ¨7z}|��~8ª � Êv¹ ¤��¯¤Õ¥F½M�Ñº8ª{ºµ¨�¸¦¸¦ÂÍª«É8Fÿ�ª¨�~��N|¦���N~�ÙÁ¨�¸¦º8�
ª«®��N¬ z}À{º8È»¨�ª)¿8�S®8|�¬ z}�S¿
|�~ù�/|¦� �¯¤¾Ã¯¤�ÓÔ~$®8¨�À{z«|�¬Nº�¸÷¨�ÀÍ|¦zË¬N�~�z·¨Á|�~8ª:ª«�ÈÍ�&ª«È:¨�¸¦¸��S|����S~�Ù�¨Á¸�º8�Sª�¬N�À{À«�Sª«®��~8¿8|¦~8��z}
É8|���ÉLÎL¶áÀ«�S¹%º��N~8¬ Â�ÈÍ�z}|¦�~8ª � ¸�|¦ó��
�Á¤Å�8¤ (8ê��~8¿�Ù%|�ê�À}¨Áz«|��~8ªÇ|�~�z}É��y¬W¨�ª{�y�¶>¨ì®8À«�z«�N|¦~�� ¤vÒ)É8�
¿8�Sz«�NÀ«ÈÍ|�~8¨�~�z |C| |�~ÍÊv¹ ¤%�¯¤¦¥NÄ
Î ê��N|¦~8�yz}É8��®8À{¯¿8º�¬Szs�¶B¨�¸�¸¯�N|¦���N~�ÙÁ¨�¸�º��Nª/Î�z}ÉLº8ªsêR�S¬N�ÈÍ�Nª
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∆S = S2 − S1 =
kB
2

ln(|C2|/|C1|)
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ª{Â%ª{z«�NÈÍªPÙ8|ÕzÇ|¦ªs¿8�S´µ~�|¦z}�S¸¦ÂÍ~8�zÇ¨�®8®�¸�|�¬N¨�ê8¸¦�)|¦¶Bz«É8�!ª<Â%ª{z}�SÈÛª«¨�È:®�¸��Nª×ª«� Ù��SÀ}¨�¸R¿8|�ª<z}|�~�¬Sz×È:|¦~l�
|�È:¨ì�¶Dz}É8�°�N~��NÀ«�ÁÂ�ª«º8À<¶�¨�¬N�Á¤

57698;:fäq:9<>? G^\^v;UVI�NPOH6R\ ¹26RUVm QPtOHv;U¼G^QSL9¹�UVA'O¶oMv	NSG^U�GHo	NS\]U¼WMUVA;GH69O T_ GHv	NSWMU]W�X^U]W	dwNPA;WgOHXYN[ZÂU]\VO^QSX T�_bT UVLÀpLRQ�m±de:Ã¾wv;U3UVA;UVXH8 T L NPA;WMG^\kNPouU 6RGGHv	NPL9LRQ�m 8>69¹#69AM8 XH6RG^U`O^QªWq6À¿uJ;GH69¹�UIiQSOH6RQSA NPA;WÛWMUVA;GH69OH6RU]Ggmn69OHv=\]QSI�poMLRUer"O^QSouQSLRQS8>6RU]Gk:

Ò)É�|�ª
É8FÿÑ�SÙ��NÀy|�ª� Ú�¨�¬ z}¸¦ÂJz«É8� ¬N¨�ª«� ¶á�Àz}É�� ª«�¸¦Ù��S~�z
�S~�Ù¯|¦À«�~�È:�S~Lzì|�~�¨�ª«|¦Èìº8¸÷¨7z}|��~Q¤�ý¯�¸ÕÙ��N~�z«ªì¸�|¦ó��#ÿ©¨'�
z«�NÀ�ÈÍFÙ��+|�~$¨�ª{Éµ¨�¸¦¸�Fÿ»�N~��NÀ«�ÁÂ�¸�¨�~8¿8ª{¬W¨�®���ÿ�É8|¦¬·É
���N~8�SÀ}¨Áz«�Nª¨�~+�øÚ%z}�N~�¿8�N¿&®�Éµ¨�ª«�°ª{®µ¨�¬N�±¿8�S~8ª«|ÕzÔÂ�ÿ�|¦z}É
È:¨�~�Ââª«|¦È:|¦¸÷¨�À�ÈÍ|�~8|¦ÈË¨¯¤*ý¯º8¬·É*¨�¿��N~8ª{|¦zÔÂ À«�N~�¿8�NÀ{ª
z«É8�°¹Lºµ¨�ª«|R�ÔÉµ¨ÁÀ«ÈÍ�~8|�¬
¨�®8®8À{FÚ¯|¦ÈË¨Áz«|��~Ë|�~µ¨�®�®8¸�|¦¬W¨�ê8¸¦��¤
ò
~8� È:|¦��É�z�z«É8|�~�ó+¨ÁêR�º¯z!�øÚ¯z«�N~8¿�|�~8��z«É8�ì¨�®�®8À«�¨Á¬·É
ê�Â ´�z«z}|¦~8�»ÈÍ�À«��¬N�ÈÍ®8¸�|¦¬W¨Áz«�N¿ ÈÍ%¿8�N¸�¿8�N~8ª{|¦z«|��Nª
z«Éµ¨�~�z}É8� Èìº8¸Õz}|¦ÙÁ¨�À{|÷¨Áz«�]w°¨�º8ª{ª«|÷¨Á~�z«âz«É8���S~8ª«�SÈ��
ê�¸���¤��FÿÑ�SÙ��SÀ
ÿÇ�ì¨�À«�ì~��z
¨WÿÇ¨�À«� �¶×¨ËÈÍ¯¿8�S¸o¿8�N~l�
ª{|¦zÔÂ�¿��Nª«¬SÀ«|¦ê8|�~8��z«É8�yÿ�É8�¸��°®8É8¨�ª«�°ª«®8¨�¬N�±¿8�N~�ª«|¦zÔÂJÁ¶
ÿÇ¨Áz«�NÀN¤�� º�À{z}É��NÀ«ÈÍ�À{�2(R¨�~�º8~¯¶á�W¨�ª{|�ê8¸ÕÂ+¸¦�N~8�Áz}É�Â�ª«|�È"�
º�¸÷¨Áz«|��~�ÿÑ�º8¸¦¿+ê��°~8�N¬S�Nª«ª«¨�À{ÂJz«Íª«¨�ÈÍ®8¸��
z«É8�yÿ�É8�¸��
®�Éµ¨�ª«�ª«®µ¨Á¬N�y¨�~�¿�¨�¿'�{º�ª{z×z}É8�~8�N¬S�Nª«ª«¨�À«|¦¸¦ÂÍÈ:¨�~�Â�´8z��
z«|�~8�#®µ¨ÁÀ}¨�ÈÍ�Sz«�NÀ«ªS¤
Ò)É���¨�|¦È Á¶�z«É8|�ª�z«É8�Nª{|�ªJ|�ª�z«â¬S�~�z}À{|�ê8º�z«�]z} z}É8�
ª{�¸�º¯z}|��~y�¶Lz}É8|¦ª2®8À«�ê�¸��NÈ,|�~°¨)¬N�È:®8¸¦�NÈÍ�N~�z·¨ÁÀ{Â�ÿ©¨WÂ�¤
ÓÔ~�ª{z}�N¨�¿�Á¶ ¿8� Ù��N¸¦�®8|¦~8�Ë¨�¬S�È:®�¸�|�¬N¨Áz}�S¿�´8z�¶áº8~8¬Sz«|��~

¶á�Àvz}É8��ÿÇ¨Áz}�SÀP� ªÇ®8Éµ¨Áª«��ª«®µ¨�¬S�!¿8�S~8ª«|ÕzÔÂq(LÿÇ��®8À{�®R�ª«��z}°z}À}¨Á~8ª{¶á�À{Èqz}É8�)ÿÇ¨Áz}�SÀÑz«À}¨��{�S¬Sz}�À{Â
|�~�¨ìÿ©¨WÂ�z«Éµ¨Áz�À«�S~8¿8�SÀ«ª�ª«|�ÈÍ®8¸¦�NÀÇ´8z�¶áº8~�¬Sz}|¦�~8ª�¨�®�®8¸�|¦¬W¨�ê8¸¦��¤
Ò> z}É8|¦ªÍ¨�|�È ÿÇ��� Ú¯®8¸¦�|¦z#z}É���ª<Â%È:ÈÍ�Sz«À{Â`�¶z}É8��ÿÇ¨Áz}�SÀ:º8~�¿8�NÀ:®R�SÀ«Èìº�z}¨Áz}|¦�~8ª��¶z}É8�
ÿ©¨7z}�NÀ�ÈÍ�¸��S¬Nº8¸¦�NªS¤
�2�Sz

π : {1, 2, . . . , N} → {1, 2, . . . , N} ê��s¨©®��NÀ«È º�z·¨Áz«|��~!�¶¯z«É8�v~Lº8Èìê��NÀ{ª {1, 2, . . . , N} ¤Ò)É8�Nª{�°®R�SÀ«Èìº�z}¨Áz}|¦�~8ªÇ¶á�À«Èë¨ì��À«�º�®{$¾��½'&)(%ÿ�É8|�¬·É�ÿÑ�
ÿ�|�¸�¸�¿8�S~8�z}�yê�Â�ýLÂ¯È
N

¤×ÆÇ�~8ª«|¦¿8�NÀ
¨±ª<Â%ª{z}�SÈ ¬N�~�z·¨Á|�~8|¦~8�

N
ÿ©¨Áz«�NÀsÈÍ�¸��S¬Nº8¸¦�NªN¤>Ò)É8�é°¬S¯�À«¿8|¦~µ¨Áz}�Sªs�¶Rz«É8��FÚ%Â%���S~�¨�~8¿#z}É��

zÔÿÇÍÉ�Â%¿8À«����N~&¨7z}�ÈÍª

~xO,i, ~xH1,i, ~xH2,i

¥Fé



�¶Q�~���ÿÇ¨Áz}�SÀÇÈÍ�¸��S¬Nº8¸¦�©ÿ�|�¸¦¸8¶á�Àsª«|�ÈÍ®8¸¦|�¬N|ÕzÔÂ ê��!¿��N~8�z«�N¿:êLÂ:¨�é'�Ô¿#Ù��S¬Sz}�À
~xi
¤n�2� z©¨���¨�|�~

~x
¿8�S~8�z}�sz}É��

9N
Î%¿8|¦È:�S~8ª«|¦�~µ¨�¸ÁÙ��N¬ z}�ÀD�¶ ¨Á¸�¸�ÿÇ¨Áz}�SÀ>ÈÍ�¸¦�N¬Nº�¸��NªD¨�~�¿

~xπ
z}É8�×ª}¨�ÈÍ�sÙ��N¬ z}�À

ÿ�|¦z}É�z«É8�yÿ©¨Áz«�NÀ�|�~�¿8|�¬S�Nª)®��NÀ«È º�z}�S¿�¨�¬S¬N�À{¿8|�~��#z«
π

(µ| ¤ ��¤ (
~xπ = [~xπ(1), ~xπ(2), . . . ~xπ(N)]

Ò)É8�°ª{Â%ª{z«�NÈ��ÅªK�!¨�ÈÍ|�¸Õz}�~�|÷¨�~:|�ª)|�~�ÙÁ¨�À{|÷¨�~�z)º8~�¿8�NÀ�®��NÀ«È º�z·¨Áz«|��~�ª)�¶>z«É8�°È:�¸��N¬Sº8¸��Sª
H(~x, ~p) = H(~xπ, ~pπ) � ½�¤Õ¥��

|¦¶ z«É8�ìÈÍ�¸��S¬Nº8¸¦�Nª¨�À«�ì|¦~8¿8|¦ª{z}|¦~8��º8|¦ª«Éµ¨Áê8¸��Á¤�Ò)É�|�ª
|¦ª!~8�zz}É8� ¬W¨�ª{�ì|¦¶vz«É8�SÂ�¨�À«��êR�º8~8¿&z}
�W¨�¬·É��z}É8�SÀ��À±ª{º8ê	�{�S¬Sz z«�¨Á~��z«É8�NÀ<ÿ�|�ª«�Í|�~�¿8� Ú�Î%¿8�S®R�S~8¿8�S~Lz�¶á�À«¬S�2(oÿ�É8|�¬·É�É8FÿÇ� Ù��SÀì|�ª
~8�z)z}É��±¬N¨�ª«�y¶á�À)ª{�¸¦Ù��N~�z}ª�¸�|¦ó��
ÿÇ¨Áz}�SÀN¤
Ês¹Lºµ¨7z}|��~�½�¤Õ¥:É8¨�ªì¨�~�|�ÈÍ®R�À{z·¨Á~Lz°¬S�~8ª{�N¹Lº8�N~�¬N��¤�Ò)É8�Ëª{�¸¦Ù��N~�zì¬S�~�´µ��º�À}¨Áz«|��~8ª

~x
¨�~�¿

~xπ
¨�À«�y�S¹%º8¨�¸�¸ÕÂ�¸�|¦ó��S¸¦ÂËz«#¯¬S¬Nº8À�|�~J¨#ª«|¦Èìº8¸�¨Áz}|¦�~|(Lª«|¦~8¬N�

ρ(~x, ~p) =
e−βH(~x,~p)

Z
=
e−βH(~xπ ,~pπ)

Z
= ρ(~xπ, ~pπ) � ½�¤¾�q�

ÆÇ�~�Ù��NÀ{ª«�S¸¦Ââz}É8|¦ªË|�ÈÍ®8¸¦|��Nªìz«Éµ¨Áz:z}É8��ÿ©¨Áz«�NÀ:È:�¸¦�N¬Sº8¸��Sª:È:¨WÂ`êR�+À«�N¸�¨�ê��N¸��S¿ � | ¤ ��¤ (Çz}É8�S|�À¬N%�À«¿8|¦~µ¨Áz«�NªvÈ:¨FÂìêR��ª{ÿÇ¨�®8®��N¿�¨Á¬N¬N�À«¿8|¦~8�yz}�¨±®��NÀ{Èìº�z·¨7z}|��~
π

�v|¦~#�SÙ��SÀ{Â#¶áÀ}¨ÁÈ:�)�¶Rz}É8�
ª«|�È º8¸÷¨Áz«|��~Íÿ�|¦z«É8�º�z�¬·Éµ¨Á~8��|�~��#z«É8�NÀ{È:%¿�Â%~µ¨�ÈÍ|�¬N¨�¸B¹Lºµ¨Á~Lz«|¦z«|��Nª)¸¦|�óÁ�
z}É8�°ÈÍ�W¨�~J�N~��NÀ«�ÁÂ�¤

relabel

reference
structure

57698;:Ýäq:Ú·q? ¸2\Yv;UVI�NPOH6R\ ¹26RUVm QPtOHv;U�X^UVL N a UVL969AM8KoMX^Q#\]U]WqJMX^UB69AioMv	NSG^UG^o	NS\]U>:½¸2QSL9¹�UVA'OKIiQSLRU]\VJMLRU]G�mn69L9L a UX^UVL N a UVLRU]WµjP6Àt;OHv;U£\]QSAq»;8>JMXYNPOH6RQSAº\kNPA\]QSIiUB\VLRQ>G^UVX�O^Q¦69O^G�X^UetàUVX^UVA;\]U�GHOHXHJ;\epOHJMX^U�69A�WMQS69AM8�G^QM:

ú���ÿÇ¨�~�z&z}�º8ª«��z«É8|�ª�¶áÀ«�S�N¿8�È ¨�~8¿ÖÀ«�N¸�¨�ê��N¸yz}É8�
ÈÍ�¸��S¬Nº8¸¦�Nª#¨�¬S¬N�À{¿8|�~�� z«�ª{�È:�J®��NÀ{Èìº�z·¨7z}|��~

π
|�~

� Ù��NÀ<Â �N~8ª{�NÈìê8¸¦�Ë�S¸��NÈÍ�N~�z±ª«º�¬·É�z}Éµ¨7z�z«É8�:À{�Nª{º8¸¦z«|�~8�
�S~8ª«�SÈìê8¸���¬W¨Á~ ê���´�z:ê�Â z«É8�+ÈÍ�Sz«É8%¿8ª#�¶
ª{�N¬Sz«|��~
�¯¤ Ä8¤Õ¥�¤/Ò)É���¬SÀ«º8¬S|÷¨�¸�ª{z}�S®:¶á�À>z}É8|¦ªs¨�®8®8À{�¨�¬·É#z}yÿÇ�À«ó
|¦ª �¶�¬N�º�À«ª«�)z«
´µ~8¿�z}É8��¨Á®8®8À«�®8À«|�¨Áz}�©®��NÀ{Èìº�z}¨Áz}|¦�~8ª
π
¤

ÓÔ¿8�N¨�¸�¸ÕÂq()z}É�� ®��NÀ{Èìº�z}¨Áz}|¦�~8ªËª{É8�º8¸¦¿$z}À}¨Á~8ª{¶á�À{È ¨�¸¦¸
�S~8ª«�SÈìê8¸����N¸��SÈ:�S~�z}ª�|�~�z«�z}É8�+Ù¯|¦¬N|¦~8|¦zÔÂâ�¶�¨�ÈÍ|�~8|R�
Èìº�È �¶/z«É8�±®R�z«�N~�z}|�¨�¸Q�S~8�NÀ{��ÂJª«º8À<¶�¨�¬N�#( ª«|�~�¬N�°z}É8�S~
z«É8�Ø¹%º8¨�ª«|R�ÔÉµ¨�À{È:�~8|�¬ï¨Á®8®8À«WÚ¯|�È:¨Áz«|��~ ÿÑ�º8¸¦¿ôê����
¬S�È:�¨�®8®�¸�|�¬N¨�ê8¸¦��¤>ú��!®�À«�®��ª«��z}�¨Á¬N¬N�È:®8¸¦|�ª{ÉÍz«É8|�ª
ê�Â ¿8�S´8~8|�~8��¨+À{�S¶á�NÀ{�N~8¬S��®��ª«|Õz}|��~

~x0

¸ÕÂ%|�~8��|�~�z}É8�
Ù%|�¬S|�~8|ÕzÔÂ#�¶D¨ìÈÍ|�~8|¦Èìº8Èq�¶2z«É8�
�S~8�NÀ{��ÂËª{º8À{¶�¨Á¬N�°¨�~8¿
´µ~�¿8|�~8��®R�SÀ«Èìº�z}¨Áz}|¦�~8ª

π
ª«º8¬·É$z«Éµ¨ÁzËz«É8�&¿8|¦ª{z}¨�~8¬N�

ê��SzÔÿÑ�N�S~�z}É��×À{�N¸�¨�êR�S¸��S¿±�S~8ª«�SÈìê8¸¦�×�S¸��SÈ:�S~Lz«ªD¨�~8¿yz}É8�
À{�S¶á�NÀ{�N~8¬S�J®R�ª{|¦z«|��~�êR�S¬N�ÈÍ�Nª�ÈÍ|�~8|¦ÈË¨Á¸ ¤�Ò)É���À«�N¸�¨'�
ê��N¸¦�N¿#�N~8ª{�NÈìê�¸��)ÿ�|�¸¦¸¯z}ÉLº8ªsª«¨�È:®�¸��)¨yª«È:¨�¸¦¸��NÀ/À«�N��|��~

�¶ z}É�� ®8Éµ¨Áª«�ìª{®µ¨�¬N�#(Bz}É�� ª}¨ÁÈ:®8¸¦|�~8�Í¿8�S~8ª«|ÕzÔÂ+É��ÿÑ�SÙ��NÀyÿ�|�¸¦¸2|�~8¬SÀ«�N¨�ª«�Á¤!ÓÔ~�z«É8|�ª�ÿ©¨WÂq(�z}É8�
ª}¨�ÈÍ®8¸�|¦~8�ì®8À{�ê8¸¦�NÈÛª{É8�º8¸¦¿�¨Á¸�ª«�ê��±¨�¸�¸¦�SÙ%|÷¨7z}�N¿�ª{|���~�|¦´µ¬N¨�~�z}¸¦Â�¤
ý¯|�~8¬S�ìö+³ ª«|¦Èìº8¸÷¨7z}|��~8ª©º8ª{ºµ¨�¸�¸ÕÂ�ª{z}¨�À{z�¶áÀ«�È ¨:¬N�~�´µ��º8À«¨Áz}|¦�~Jÿ�É8�ª«���N~8�SÀ«��Â�Éµ¨Áªê��N�S~

�Á�



1st frame nth frame relabeled frame

relabel
molecules

57698;:Mäq:Úäq?769L9L9J;GHOHXYNPOH6RQSA�QPt�OHv;U±X^UVL N a UVL969AM8�oMX^Q2\]U]WqJMX^U±69AgX^UkNPLuGHo	NS\]U>:$#Öt�OÖm.QKIiQSLRU]\VJMLRU]G&%*\Yv	NPAM8�UoML NS\]U]G('Yj2OHv;U T \kNPA a U a X^QSJM8>v#O�\VLRQ>G^UVXwO^Q�OHv;UsX^UetàUVX^UVA;\]U¦GHOHXHJ;\VOHJMX^U a'T GHmwNPoMoM69AM8ºOHv;UV69X.\]Q2QSX^Wq6ÀpA	NPO^U]Gk:
È:|¦~8|�ÈÍ|b�S�N¿|(¯z}É8�±´µÀ«ª<zyª«|¦Èìº8¸÷¨7z}|��~�¶áÀ}¨�ÈÍ��®�À«FÙ%|�¿8�Sª
¨Ë¬S�~�Ù��N~�|��N~�zy¬·É��|�¬S��¶á�À�z}É8��À«� ¶á�NÀY�
�N~8¬S��®��ª{|¦z}|¦�~Q¤
ö+�À{��¶á�À{ÈË¨Á¸�¸¦Â2(Áz«É8�)¶á�¸�¸¦�ÿ�|¦~8�y®8À{�ê8¸��SÈqÉµ¨�ªvz«�ê���ª«�¸ÕÙ��N¿Í¶á�Às�W¨�¬·É:�N~8ª{�NÈìê�¸����N¸¦�NÈÍ�N~�zS�
w°|ÕÙ��S~ zÔÿÑ�¬S�~�´µ��º�À}¨Áz«|��~8ª

~x, ~x0 ∈ R3N
´µ~�¿�¨J®R�SÀ«Èìº¯z·¨Áz«|��~

π ∈ ý%Â%È
N

ª«º8¬·É z}Éµ¨Áz
∀σ ∈ ý%Â%È

N , σ 6= π
(~xπ − ~x0)2 ≤ (~xσ − ~x0)2 � ½�¤Å½M�

Ò)Éµ¨ÁzÍ|�ª[�:´µ~�¿�¨]®��NÀ«È º�z·¨Áz«|��~��¶z«É8��ª«�¸¦Ù��S~�z:ÈÍ�¸¦�N¬Nº�¸��Nª�ÿ�É8|�¬·É`ê8À{|�~8��ªìz«É8��ª«�¸¦Ù��S~�z
¨�ªy¬N¸¦�ª«��z}�|¦z«ª
À«� ¶á�NÀ{�N~8¬S�Í®��ª{|¦z}|¦�~&¨Áªy®R�ª{ª«|¦ê8¸��Á¤±Ð~�|�¸�¸¦º8ª{z«À}¨Áz«|��~J¶á�À!z«É8�ì¬N¨�ª«�#�¶szÔÿÑ
È:�¸��N¬Sº8¸��Sª)|�ª)��|ÕÙ��S~�|¦~��/|��8¤ ½�¤¾½¯¤

×�¥Â¤ g]u!k Åljlr!k2pvidp�¨	¨¯j*)sr
nqk2rB=¬!i0«,+�Ålkon
Ò)É8|�ª�z}¨�ª«ó�|�ª#¨]ª«®��N¬S|÷¨�¸©¬N¨�ª«���¶¨]®8À«�ê8¸��SÈ óL~8Fÿ�~�|¦~ ¬N�ÈÍ®8º�z«�NÀ#ª«¬S|��N~�¬N��¨�ª å��G�o¡Là8�
ðW�DÞ àµðWðW�Ï
��>Þ�¡%�R��ß>���-�/åá¡%Þ � �>ý%Ð
ÌB��À¸�|�~��W¨�À¨�ª«ª{|���~�È:�S~Lz!®8À«�ê8¸��SÈ � �2Ð
ÌB� ¤RÓ zy|�ª
¶á�À«È º8¸÷¨Áz«�N¿�¨Áª©¶á�¸�¸¦�ÿ�ª�$Åõ'&)�×wy|¦Ù��N~�¨

N ×N ¬N�ª{z)¶áº8~8¬ z}|¦�~
cij

(�´µ~8¿�z«É8�y®R�SÀ«Èìº¯z·¨Áz«|��~
π ∈ ý%Â%È

N

È:¨7Ú¯|�ÈÍ|b�S|�~8�°z}É8�yz«�z·¨�¸B¬N�ª<z
N∑

i=1

ciπ(i)

ý¯|�~�¬N�
z}É��y¿8|�ª<z·¨�~8¬S�yêR� zÔÿÇ�S�N~+®R�SÀ«Èìº�z«�N¿J¬N�~�´µ��º8À«¨Áz}|¦�~J¨�~8¿JÀ{�S¶á�NÀ{�N~8¬S�°¬W¨�~Jê��
ÿ�À«|¦z{z}�S~
¨�ª

(~xπ − ~x0)2 =

N∑

i=1

(~xπ(i) − ~x0i)
2

|¦z±ê��N¬N�È:�Sª�|¦È:ÈÍ�N¿8|�¨Áz}�S¸¦Â�¬N¸¦�W¨�Àyz«Éµ¨Áz°z}É8�Í¬N�~8¿8|¦z«|��~��¶©Êv¹�¤D½�¤Å½J|�ª°�N¹Lº8|ÕÙ�¨Á¸��N~�z±z}Jz}É8�
�Dý¯Ð
Ì�|Õ¶>ÿÑ�°ª«� z

cij = −(~xj − ~x0i)
2. � ½�¤ Ä;�

ý¯|�~�¬N�°z}É8�%�2Ð
Ì$¯¬S¬Nº8À{ª|¦~+È:¨�~�Â�´µ�S¸�¿8ª[(�z«É8�NÀ{���øÚ�|¦ª{z!¨:~Lº8Èìê��NÀ��¶v��}Í¬N|��S~�z!ª{�¸�º�z«|��~�ªN¤
Ò)É8���W¨ÁÀ«¸�|¦�Nª<z!�~��ì|�ª¿8º8� z«x�yº8É8~=$Å��¼#&Dÿ�É8�À«�N¨�¸�|~�N�S¿�z}Éµ¨7zy¨Ë®��¸¦Â%~8�È:|�¨�¸2ª«�¸¦º�z}|¦�~�Á¶

�¯¥



0
0.5

1
1.5

2

0

0.5

1

1.5

2
0

0.5

1

1.5

2

0
0.5

1
1.5

2

0

0.5

1

1.5

2
0

0.5

1

1.5

2

57698;:�äq: é;?�¾�XYN[ZÂU]\VO^QSXH6RU]G�QPtwOHv;Uºm.NPO^UVX�Qkr T 8�UVA;G�mn69OHv;QSJMO _ LRUetbO�d,NPA;W�mn69OHv _ XH698>v'O�dsX^UVL N a UVL969AM8;:
� 69OHv;QSJMO�X^UVL N a UVL969AM8 _ LRUet�O�dej�OHv;UiIiQSLRU]\VJMLRU]GKWq6À¿uJ;G^U�t�X^U]UVL T OHvMX^QSJM8>v¼OHv;Uºmnv;QSLRU a Q]rh¹�QSL9JMIiU>:
� v;UVAhOHv;U�X^UVL N a UVL969AM8�6RG,GHmn69O^\^v;U]W�QSA _ XH698>v#O�dej�OHv;U T GHOYN T \VLRQ>G^U�O^QgOHv;UV69X,X^Uet�UVX^UVA;\]U�ouQ>GH69OH6RQSAG^69A;\]U¦OHv;U T mn69L9L a U¦X^UVL N a UVLRU]W�6Àt|OHv;U T IiQ�¹�U,O^Q#QºtàNPXk:
z}É8��®�À«�ê8¸¦�NÈ |�ª�®R�ª«ª«|¦ê8¸��Ë¨�~8¿ ®8À{�®��ª«�S¿`¨�~ O(n4)

¨�¸����À«|¦z«É8ÈþóL~8Fÿ�~ z}%¿µ¨WÂ�¨Áª z}É8�
� �º�~8��¨�À{|÷¨�~�ö+� z}É8%¿l!·¤�ý¯|�~8¬S��z}É8�S~|(/¿8| �B�SÀ«�S~Lz ¨�¸¦���À«|Õz}É8ÈÍª
Éµ¨WÙ��Ëê��N�N~�®8À«�®R�ª{�N¿|(Dz}É8�
êR�Sª{z×�~8�Sª×Á¶Rÿ�É8|¦¬·ÉË¨Á¬·É8|�� Ù�� O(n3)

�[}Í¬S|��N~�¬SÂ�¤×ö��ª{z×�¶Rz}É8�SÈqº8ª«��¸¦|�~8�N¨�À �®�z«|�ÈÍ|b�N¨Áz}|¦�~
�ÀÑ®�À«|�È:¨�¸ Î%¿8ºµ¨�¸8¨�¸����À«|¦z«É8ÈÍªP(�z}�S¬·É8~8|¦¹%º��NªÇÿ�É8�ª«�
¿8� z·¨�|¦¸�ªsÿÇ�ÿ�|�¸�¸µ�È:|ÕzÑÉ��NÀ«�Á¤vÒ)É8�SÂ:¬W¨Á~
êR�
¶á�º�~8¿+|¦~3$Åõ#&n$¾Ã'&o�Ài$Åé#&G¤

×�¥Ö× g]u!kÖi�k�Å<p.+�k�Ålk2môk2rK¨¯kon�+�Ålk�jlr i8k2p�Å"¨;¬
p�©Bk
Ò>J��¨�|¦~]È:�À«�ì|¦~8ª«|¦��É�zy|�~�z}�z«É8��®8À«�®R�ª{�N¿ È:� z}É8%¿|(Q¸¦�Sz°º8ª°¬S�~8ª«|¦¿8�NÀ°¨�ª{|�Èìº8¸�¨Áz}|¦�~�Á¶
�¯¥F¼�ÿÇ¨Áz«�NÀ/ÈÍ�¸¦�N¬Nº�¸��NªDÈÍ�Ù%|¦~8�|¦~ì¨!ê�WÚ ¨�ª ¨�~ � Ú�¨�ÈÍ®8¸��Á¤>Ò)É8�Ç¿µ¨Áz·¨�º8ª«�S¿ì¶á�ÀD���N~8�SÀ}¨Áz«|�~8�
z}É8���/|¦��º8À«�Sª°½�¤Å½+¨�~�¿�½�¤¾��ÿ©¨�ª°®8À{¯¿�º8¬N�S¿�ê�Â ¨�~�ö�³ëª{|�Èìº8¸�¨Áz}|¦�~|(�ÿ�É8�ª«�Í¿8� z·¨�|¦¸�ª
ÿ�|�¸¦¸
êR�y¿8�Sª«¬SÀ«|�ê��N¿+|�~Jª«�S¬Sz«|��~JÄ8¤
Ò>!Ù%|¦ª«ºµ¨�¸¦|b�S�Ç¨z«À}¨��{�S¬Sz«�À{Â��¶µz}É��Çª{Â%ª<z}�NÈ�(�ÿÑ�©¬N�¸¦�À>z«É8�ÇÈÍ�¸¦�N¬Nº�¸��NªD¿8| �B�SÀ«�N~�z«¸¦Â�¨�~8¿�®8¸¦�z
¨�¸�¸8¬S�~�´µ��º8À}¨Áz«|��~�ª×Á¶Bz}É���z«À}¨��{�S¬Sz}�À{Â#�~#z}�®Í�¶B�W¨�¬·É:�z}É8�SÀN¤ ÒD ���Sz×È:�À«�)z}À«¨�~8ª«®8¨�À«�S~Lz
®8¸��z«ªP(�ÿÑ�°®8¸�Áz«z}�S¿J�~8¸¦ÂËz}É8�°WÚ%Â¯���N~�¬S¯�À«¿8|¦~µ¨Áz}�SªN¤vÒ)É8�°À{�Nª«º�¸¦z}|¦~8�#®8|�¬ z}º8À{�y|�ª�ª«É��ÿ�~�|�~
�/|��#½�¤Å½�¤
Ò)É8�ì¸�� ¶5z
®µ¨ÁÀ{zy�¶vz«É8�ì´µ��º�À«�ìª{É8Fÿ�ª
z}É8�ìz«À}¨��{�S¬Sz}�À{Â+êR� ¶á�À«� z«É8�ìÀ{�N¸÷¨ÁêR�S¸�|�~��:|¦ªy¨�®8®8¸¦|��S¿Q¤
Ò)É8�+ÈÍ�¸¦�N¬Nº�¸��Nª�¿�|~�Rº8ª«��z}É�À«�º8��Éâz«É8�JêRWÚ`¶áÀ«�S�N¸ÕÂ�¤âÒ)É8�+À{|���É�z#®µ¨ÁÀ{zÍª«É8Fÿ�ª#z}É8��ª}¨ÁÈ:�
z}À}¨>�{�N¬Sz«�À{Â&¨Á¶5z}�SÀ
ÿÇ�#¨Á®8®8¸�|¦�N¿&z«É8��À«�S¸÷¨�ê��N¸¦|�~8�8¤����NÀ«�#(2z}É8�ìÿÇ¨Áz}�SÀyÈ:�¸��N¬Sº8¸��Sª
ª{z}¨WÂ]¬N¸¦�ª«�
z}+z«É8�N|¦À°À«�S¶á�SÀ«�S~8¬N��®��ª{|¦z}|¦�~8ªS¤�Ò)É8|�ª±|�ª�¨+~8�~Lz«À«|ÕÙ¯|�¨�¸vÀ«�Sª«º8¸ÕzS�#ÆÇÀ{|¦z«�NÀ«|¦�~�½�¤¾½�¬N�~�ª«|�¿��NÀ«ª
�~8¸¦ÂËz}É8�±¿8|�ª<z·¨�~�¬N�±|�~J¬N�~¯´µ��º8À«¨Áz}|¦�~µ¨�¸2ª{®µ¨�¬N�±ÿ�É8|�¬·É+|�~�Ù��¸¦Ù��Sª!¨Á¸�¸2ÈÍ�¸��S¬Nº8¸¦�NªN¤×Ó z|�ª�~8�z
�ê�Ù¯|¦�º8ªyz}É8¨Áz°z}É8|¦ª±¬S�~8ª<z}À}¨Á|�~8ª±¨�¸¦ª«�z}É8�ÍÈÍ�Ù��NÈÍ�N~�z��¶©� Ù��NÀ<Â ª«|�~���¸���ÈÍ�¸��S¬Nº8¸¦��¤:ý¯|¦~8¬N�
É8FÿÇ� Ù��NÀDÈÍ�Ù%|¦~8�)¨)ª«|¦~8��¸��/È:�¸¦�N¬Sº8¸��>¬N¸��ª«�NÀQz«)|¦z«ªQÀ«� ¶á�NÀ«�S~8¬N�×®��ª«|Õz}|��~!ÿ�|�¸¦¸�¨�¸Õÿ©¨WÂ%ª2À«�S¿8º8¬S�
z}É8�s¿8|¦ª{z·¨Á~8¬N�s�¶%z}É8�vÿ�É8�¸��v�N~�ª«�NÈ ê8¸��#(7z«¯u(Fz«É8�sÈ:� z}É8%¿yÿ�|�¸�¸�¨�®8®8¸ÕÂyª«º�¬·Éì¨)®R�SÀ«Èìº¯z·¨Áz«|��~
ÿ�É8�N~8� Ù��SÀ�|¦z�|�ª±®R�ª{ª«|¦ê8¸��Á¤+Ò)É8|¦ª |¦ª±z«É8��¬W¨Áª«�Ë|¦~�¨�¸¦È:�ª{z±�SÙ��NÀ{Â�¶áÀ}¨�ÈÍ�2(>ª«|¦~8¬N�Íz}É8�:É8|���É

���



0
0.5

1
1.5

2

0

0.5

1

1.5

2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

57698;:qäq:Úèq?�¾�XYN[ZHU]\VO^QSXH6RU]GnQPt7N�G^69AM8>LRUBmwNPO^UVXwQkr T 8�UVA a UetàQSX^U±NPA;W"N[t�O^UVX�OHv;U±X^UVL N a UVL969AM8 _ba L9J;U,NPA;W8>X^U]UVA"\VJMXH¹�U¦X^U]GHouU]\VOH69¹�UVL T de:�¾wv;U¦Wq6RG^\]QSA#OH69A'JM69OH6RU]GsNPX^UsWqJ;UsO^QKo0UVXH6RQ2Wq6R\ a QSJMA;W;NPX T \]QSA;Wq69OH6RQSA;Gk:
¿8�N~�ª«|¦zÔÂ��¶>z«É8�
ÿÇ¨Áz}�SÀ�È:¨�óÁ�Nª)|¦zÇÙ��NÀ<ÂJ®8À«�êµ¨�ê8¸¦�!z}Éµ¨7z)z}É8�SÀ«�
ÿ�|�¸¦¸Bê��°¨Áz�¸��N¨�ª{z©�~8�yÿ©¨7z}�NÀ
È:�¸��N¬Sº8¸��Ë|�~ z}É8��Ù%|�¬S|�~8|ÕzÔÂ�Á¶
�W¨Á¬·É ÈÍ�¸��S¬Nº8¸¦�2� ª�À«� ¶á�NÀ«�S~8¬N��®��ª«|Õz}|��~Q¤�Ò)É8��ª«|~�N�J�¶�z}É8�
Ù��¸¦º8ÈÍ�Ç¨�¬S¬N�Sª«ª«|¦ê8¸��×z}!¨ª«|¦~8��¸¦�×ÿÇ¨Áz}�SÀ/ÈÍ�¸��S¬Nº8¸¦�s|�ªD�¶8z}É��Ç�À{¿8�NÀD�¶8z«É8�Ç~8�N¨�À«�Sª{zv~��N|���É%ê��À
¿8|�ª<z·¨�~�¬N��¤
�/|���¤°½�¤²�Íª«É8Fÿ�ªyz}É8��ª«¨�ÈÍ� ®8¸¦�z!¶á�À!�~8¸¦Â��~���È:�¸¦�N¬Sº8¸��Á¤º��SÀ«�ìz}É���¬N�~�z}À«¨�ª{z
êR� zÔÿÇ�S�N~
¿8|~�Rº8ª{|¦Ù���ÈÍ�z}|¦�~ êR� ¶á�À«��¨�~�¿�¸�%¬W¨Á¸�|b�S�N¿ ÈÍ�z}|¦�~`¨Á¶5z«�NÀ�z}É8��À«�S¸÷¨�ê��N¸¦|�~8�]|¦ª#�SÙ��S~dÈÍ�À«�
ª{z«À«|�óL|¦~8�8¤

×�¥Öñ g]u!kÖi�k�Å<p.+�k�Ålk2môk2rK¨¯kon�+�Ålk,j<r ©7«srKÁ/)�Çi8pw¯j^«sr!p�Å"¨	¬!p�©Bk

0 x1 2 3

57698;:µäq:Úýq?sä[rµ<�ë#Wq69IiUVA;GH6RQSA	NPL�IiQ2WMUVLG T GHO^UVI

ò
~8¸ÕÂ`®µ¨�À<zË�¶!z}É8��¬N�~¯´µ��º8À«¨Áz}|¦�~µ¨�¸)ª{®µ¨�¬N�+ÿ�|�¸�¸ÇÀ«���
È:¨�|¦~+¨Á¬N¬N�Sª«ª{|�ê8¸¦�°z«Íz«É8�±ª{Â%ª{z«�NÈ»ÿ�É8�N~�z}É8�°À{�N¸÷¨ÁêR�S¸ �
|¦~8�#|�ª�¨�®�®8¸�|¦�N¿Q¤sý%|�~8¬S�°ÿÑ�±¨�|�ÈÛ¨Áz�¨�~J�Nª<z}|¦ÈË¨Áz«|��~�Á¶
z«É8�±�N~�z}À{�®�ÂJ|�~�z}É8|¦ª)®µ¨�À<zS(8ÿÑ�±É8¨FÙ��±z«Ë¨Á¿8¿8À«�Sª«ª�z}É8�
¹Lº8�Sª{z«|��~*É8Fÿt®8À«�êµ¨�ê8|¦¸�|¦zÔÂ`¿��N~8ª{|¦z}|¦�Nª�¸¦¯�óâ¸¦|�óÁ��|�~
z«É8|�ª�®µ¨�À<z!Á¶ z}É8��ª«®µ¨Á¬N��¤�Ð ®8À«�SÀ«�N¹Lº8|¦ª«|Õz}��¶á�À�z«É8|�ª�|�ª

z}°óL~8Fÿd¨ÁªvÈË¨�~�Â ¿8�Sz}¨�|�¸¦ªv¨�ª ®��ª«ª{|�ê8¸¦�)¨�ê��º�zvz«É8�)ª«Éµ¨Á®R�)�¶ z«É8��®µ¨�À{z |¦z}ª{�N¸Õ¶l¤>Ò)É8��¨�|¦È�Á¶
z}É8|¦ªvª«�S¬Sz}|¦�~Í|�ª z}°®8À{FÙ¯|¦¿8�)z}É8�Sª«��¿8� z·¨�|¦¸�ªvê�Â#¨y¬·Éµ¨�À«¨�¬Sz«�NÀ«|~�W¨Áz«|��~�Á¶Rz«É8��¬N�~�´8��º8À}¨7z}|��~µ¨�¸
ª«®µ¨Á¬N��¨�¬N¬S�Nª«ª{|�ê8¸¦�yz}Í¨�ª{Â%ª{z«�NÈt¨Á¶5z}�SÀ©z}É8�°À{�N¸÷¨ÁêR�S¸�|�~��ì|�ª�¨�®�®8¸�|¦�N¿Q¤
ý¯|�~�¬N�:z«É8�Í¬N�~�´8��º8À}¨7z}|��~�ª«®8¨�¬N�:�¶)À«�N¨�¸×ª{Â%ª{z«�NÈÍª |�ª°z}%�É�|���É%ÎL¿8|�ÈÍ�N~8ª{|��~8¨�¸/z}+êR�#Ù%| �
ª«ºµ¨Á¸�|b�S�N¿|(2ÿÑ�:ª<z·¨�À<z±êLÂ�ª<z}º8¿¯Â¯|¦~8�&¨�Ù��SÀ{Â�¸¦�ÿÇÎL¿8|�ÈÍ�N~8ª{|��~8¨�¸/�øÚ8¨ÁÈ:®8¸¦�2(o~µ¨�ÈÍ�N¸ÕÂ]½J�~8�·Î

��½



57698;:2äq: ÿ2?7Es69¹26RGH6RQSA%QPt�OHv;Usä[ru<]E \]QSAq»;8>JMXYNPOH6RQSA	NPLuG^o	NS\]U±NS\]\]QSX^Wq69AM8�O^QKNPoMoML96RU]W%o0UVXHIKJMOYNPOH6RQSA;Gk:¾wv;U�XH698>v'O�oM6R\VOHJMX^UB6RG�OYNPc�UVAit�X^QSIùOHv;U _ <><><�d*ouUVX^GHo0U]\VOH69¹�U>:£¸#mn69O^\YvM69AM8�QSA�OHv;UnX^UVL N a UVL969AM8�m�QSJMLRW\]QSA;G^OHXYNP69A�OHv;U�G T GHO^UVI 69A�QSA;U�QPt|OHv;U,\]QSLRQSX^U]W�GHL96R\]U]G�:
¿8|�ÈÍ�N~8ª{|��~8¨�¸�®µ¨ÁÀ{z}|¦¬N¸¦�Nª � �/|��8¤>½�¤ Ä;� ¤w��NÀ{��¨yÙ%|¦ª«ºµ¨�¸¦|b�N¨Áz}|¦�~ì|�ªv®��ª{ª«|�ê�¸��2(�ª{|�~8¬S�)z}É8��¬N�~�´µ�#�
º8À}¨Áz«|��~8¨�¸�ª{®µ¨�¬N��|¦ªv�~8¸¦Âì½�Î%¿8|¦È:�S~8ª«|¦�~µ¨�¸G¤oÒ)É8�!¨Á¬Sz}|¦�~��¶�z}É8��À{�N¸÷¨ÁêR�S¸�|�~��y¨�¸����À«|Õz}É8ÈØ¬W¨Á~
~8Fÿ êR��Ù%|�ª{ºµ¨�¸¦|b�N�S¿�êLÂ�®�¸��z{z}|�~��J¨�¸�¸/¶áÀ«¨�ÈÍ�Nª°�¶)¨Á~�º8~�À«�N¸�¨�ê��N¸��S¿]z}À}¨>�{�N¬Sz«�À{Â��~ z«�®�Á¶
�W¨�¬·ÉJ�z«É8�NÀ�¨�~8¿J¬S�¸��À{|�~8�±z}É8�SÈ»¨�¬S¬N�À{¿8|�~8�ìz«�z}É8�y®��NÀ{Èìº�z·¨7z}|��~Ëÿ�É8|�¬·ÉJz}É��yÀ«�N¸�¨�ê��N¸�|¦~8�
¨�¸����À«|¦z«É8È ÿÇ�º8¸�¿+¨�®8®8¸ÕÂ�¤vÒ)É8�±À«�Sª«º8¸Õz}|¦~8�#®8|�¬ z}º8À{�y|�ª�ª«É8Fÿ�~+|�~��/|¦�8¤s½�¤¾Ã¯¤vÐ!ª�� Ú¯®��N¬Sz«�N¿|(
z}É8��®8Éµ¨�ª{�&ª«®8¨�¬N�+|�ªÍ¬Nº�z:|�~�z}�¼ � = 3!

��ª«¸�|¦¬N�SªN¤,ý%ÿ�|¦z«¬·É8|�~����~âz}É8�+À«�S¸÷¨�ê��N¸¦|�~8� ¨�¸¦��#�
À«|¦z«É8È ÿÑ�º8¸¦¿:¬S�~8¿8�S~8ª«�!z«É8��ÿ�É8�¸��)z«À}¨��{�S¬Sz}�À{Â#|�~�z«±z«É8�ª{¸�|¦¬N��¬N�~�z}¨�|�~8|¦~8�yz}É8��À«� ¶á�NÀ{�N~8¬S�
®R�ª{|¦z«|��~Q¤
ý¯�ÈÍ�Ç���S~8�NÀ«¨�¸¯¶á�N¨Áz}º8À{�Nªv�¶µz«É8�)ª«¸¦|�¬S�©¨�À{�)¨�¸�À{�W¨�¿¯Â ¨Á®8®µ¨�À{�N~�zv|�~�z}É8|¦ª ®8¸�ÁzS�oÓ zv|�ª>¿8�N¸¦|�ÈÍ|¦z«�N¿
êLÂJÉ�Â%®��NÀ«®�¸÷¨�~8�Sª!|¦~Jz«É8�±¬N�~�´8��º8À}¨7z}|��~µ¨�¸2ª«®8¨�¬N�Á¤,�µº8À{z«É8�NÀ{È:�À{�2(µ|Õz}ª�¸��~����Nª<z¿�|�ÈÍ�N~8ª{|��~
|�ª�¨�¸¦�~8�ìz}É�� � ¥�¥�¥�� Î¯¨7Ú¯|�ªÑÿ�É8|�¬·É�|�ª)¬S�È:®�¸��Sz«�N¸ÕÂË¬S�~�z·¨�|¦~8�N¿Jÿ�|¦z«É8|�~�z«É8�°ª«¸�|¦¬N�Á¤
Ò)É8�Nª{�ì¶á�W¨Áz«º8À«�Sªy¨�À«�����N~��NÀ}¨Á¸/¨�~�¿]¬W¨�~&ê�� ®�À«FÙ��S~Q¤yÒ>Ë¿8Ëz}É�|�ªP(�ÿÇ� |�~�z}À{¯¿8º�¬N� ®��NÀ{Èìºl�
z·¨Áz«|��~�È:¨Áz}À{|�¬S�Nª

P
¿��S´µ~8�S¿�ê�Â

P · ~x = ~xπ.Ò)Éµ¨Áz
|¦ªP(
P

ª{ÿÇ¨�®8ª!z«É8� ¬S¯�À{¿8|�~8¨Áz}�Sª
¨�¬S¬N�À{¿8|�~8�Íz}
π
ÿ�É8�N~�¨Á®8®8¸�|¦�N¿Jz}�¨#Ù��S¬Sz}�À

~x
¤!Ð

®R�SÀ«Èìº�z}¨Áz}|¦�~
π
ÿ�|�¸¦¸B�~8¸ÕÂ�ê��±¨�®8®8¸¦|��N¿Jê�Â�z«É8���oÐ!Ì�ª«�¸¦Ù��SÀP(µ|Õ¶>|Õz�À«�S¿8º8¬N�Sª�z«É8�°¿8|�ª<z·¨�~�¬N�

(P~x− ~x0)2 ≤ (~x− ~x0)2.

ú*É8�N~ êR�z«É�ª{|�¿8�Sª:�¶z}É8�+�N¹Lºµ¨Áz«|��~ ¨�À{�+�øÚ�®8¨�~8¿8�S¿|()�~8¸ÕÂ�z}É8��ÈÍ|ÕÚ¯�N¿`z}�SÀ«ÈÍª:¿8�~8�z
¬W¨�~8¬S�N¸o¨�~�¿�z«É8�°¬N�~8¿�|¦z}|¦�~�À«�S¿8º8¬S�Nª�z}

~x0
T (1− P )~x ≤ 0

Ò)É8�®�Éµ¨�ª«�ª«®µ¨Á¬N�
¨Á¬N¬N�Sª«ª{|�ê8¸¦��z«±z«É8�À{�N¸�¨�êR�S¸��S¿Íz«À}¨��{�S¬Sz}�À{Â#|�ªsz}É��ª{�SzÑ�¶2¨�¸¦¸
~x
¶á�Àvÿ�É8|¦¬·É

~8#®R�SÀ«Èìº�z}¨Áz}|¦�~�À«�S¿8º8¬S�Nªz«É8�y¿8|¦ª{z·¨Á~8¬N�#(µ| ¤ ��¤ (8z}É8�°ª«� z��¶ ¨Á¸�¸
~x
¶á�À©ÿ�É8|¦¬·É ∀P

~x0
T (1− P )~x > 0 � ½�¤¾�q�

�7Ä



57698;:Säq:10q?32±6RG^J	NPL969á�NPOH6RQSA�QPt;æ�ç�äq:Úèq:7¾wv;U.GHOYNPXHOH69AM8±ouQS69A'O _ ¹�U]\VO^QSX
~x0

jSGHv;QkmnA�69A a L9J;U�d�8�UVA;UVXYNPO^U]G
N !

¹�U]\VO^QSX^G
~x0T (1 − P ) _ mnvM6R\YvÞNPX^U%GHv	NSWMU]WxX^U]W	de:�¾wv;U T tàQSXHI�OHv;UºA;QSXHI�NPL£¹�U]\VO^QSX^GKQPtnOHv;UoML NPA;U]G±WMUVL969Iº69OH69AM8�OHv;U�GHL96R\]U>:

Ò)É8|�ª/¬W¨�~�ê��ÇÙ%|�� ÿÇ�S¿:¨Áª
N !

Éµ¨�¸Õ¶��Ôª«®8¨�¬N�Ñ�N¹Lºµ¨Áz«|��~8ª/|�~ì~8�À«È:¨�¸%¶á�À«È�(�ª«|¦~8¬N�
~x0
T (1−P ) =

((1− P )T~x0)T
¨�À«�!ª«|�ÈÍ®8¸ÕÂ

N !
Ù��N¬Sz«�À«ªS¤ÑÆÇ�~8¿8|Õz}|��~�½�¤¾� ª{z·¨7z}�Nª©z«Éµ¨Áz©z«É8�y®8À{'�{�N¬ z}|��~��¶

~x
�~�z}°¨�¸¦¸��¶ z}É��Nª«�©Ù��N¬ z}�À{ª×É8¨�ª z}yê��)®R�ª«|¦z«|¦Ù��2(�|G¤Å�Á¤~(

~x
Éµ¨�ª z«y¸�|¦�Ç|�~ìz«É8�©|¦~Lz«�NÀ{ª«�N¬ z}|¦�~#�¶

z}É8�Sª«�
N !

®R�ª{|¦z«|¦Ù��)É8¨�¸¦¶�� ª«®µ¨�¬S�NªS¤/Ò)É8��Éµ¨�¸Õ¶��Ôª{®µ¨�¬N�Sªs¨�À«�)¿��N¸�|¦È:|Õz}�S¿ìê�Âìz}É8��®8¸�¨�~8�Sªv¿8�S´µ~��N¿
ê�Â

~x0
T (1− P )~x = 0.

ý¯�N�g�/|��8¤�½¯¤ÅÄË¶á�À!¨�~+|�¸¦¸�º8ª<z}À}¨7z}|��~Q¤)Êv¹ ¤B½�¤¾�Ë¨�¸¦ª«:¨�¸�¸¦Fÿ�ª�z«Ëº8~8¿��NÀ«ª<z·¨�~�¿�¨�~8�z«É8�NÀ¬·Éµ¨�ÀY�
¨�¬Sz«�NÀ{|�ª{z«|�¬±®8À«�®R�SÀ{zÔÂ��¶ z«É8� ª{¸�|�¬S�2��ÆÇ�~8ª«|¦¿8�NÀ!¨ÍÙ��S¬Sz«�À

~x = [~a,~a, . . . ,~a]
(R| ¤ ��¤ (�¨:¬N�~�´µ�#�

º8À}¨7z}|��~�ÿ�É8�NÀ{� ¨�¸¦¸Q¨Áz«�ÈÍª)¨�À«�°¸¦¯¬N¨Áz}�S¿J¨Áz)z}É8�°ª«¨�È:�y®��ª{|¦z}|¦�~Q¤>ÓÔ~�z«É8|�ª)¬N¨�ª«�
P · ~x = ~x

(
ª«Í¬N�~�¿8|¦z«|��~J½�¤¾�ì|�ª�¨�º¯z}�È:¨Áz}|¦¬W¨�¸¦¸¦Â�¶áº8¸Õ´µ¸�¸¦�N¿Q¤
ý¯|�~�¬N�°z}É8|¦ª�Ù��N¬Sz«�À!®��|¦~Lz«ª�¨�¸��~��Íz«É8��¸�¨�À«���Nª{z�¿8|¦È:�S~8ª«|¦�~��¶ ®8É8¨�ª«��ª«®µ¨�¬S� |Õz}ª«�S¸¦¶^(µ|Õz!¨Á¸�ª«
À«�S®8À«�Sª«�N~�z«ª±z«É8�#¿8|�À{�N¬Sz«|��~��¶Ç¸�¨�À«���Nª{z
¿8|�ÈÍ�N~8ª{|��~��¶Ñz«É8��ª«¸¦|�¬S��¤ Ó z
|�ªyÉ8FÿÑ�SÙ��SÀ�º�~8¸�|¦ó��N¸ÕÂ
z}Éµ¨7z×z«É8��¸÷¨�À{���Nª<zs¿8|�ÈÍ�N~8ª{|��~#�¶Q¨±À{�N¸�¨�êR�S¸��S¿#z«À}¨��{�S¬Sz«�À{Â�ÿ�|¦¸�¸8¸¦|��©|¦~Íz«É8|�ªs¿8|¦À«�N¬ z}|¦�~|(�ª«|¦~8¬N�
|¦z#¬S�À«À{�Nª«®��~8¿�ªÍz« z«É8�J¬N�N~�z«�NÀlÎL�¶�Î%È:¨�ª«ªÔÎ%È:Áz}|��~�ÿ�É8|�¬·É |�ª�º8ª{ºµ¨�¸�¸ÕÂ�À{�NÈÍ�Ù��N¿â¶áÀ«�È ¨
ª«|¦Èìº8¸÷¨7z}|��~Q¤

���



×�¥�� fJr±%iu«n¬¦Ø «�ÄËpqi�k�Å<p.+�k�Ålk2mômk2r�¨%jH#Ø
ý¯|�~8¬S�Íz«É8�Í¿8�N~8ª{|¦zÔÂ �¶Ñz}É8�:À«�N¸�¨�ê��N¸��S¿�ª<Â%ª{z}�SÈ ¬NFÙ��SÀ«ªì�~�¸¦Â ¨�¶áÀ}¨�¬ z}|��~��¶Ñz}É8�:¬N�~¯´µ��ºl�
À}¨Áz«|��~µ¨Á¸Dª{®µ¨�¬S�2(o|¦z«ª!�N~�z«À«�®�Â&ÿ�|¦¸�¸DêR�ìª{ÈË¨Á¸�¸��SÀz«Éµ¨�~&z}É8¨Ázy�¶sz}É��ìº8~8À{�N¸÷¨ÁêR�S¸��N¿]�~8��¤±Ò>
¬N�ÈÍ®µ¨�À{�ìz}É8�Í�N~�z}À{�®�Â��Nª<z}|�È:¨Áz«�N¿]¶áÀ«�È ¨�À{�N¸÷¨ÁêR�S¸��N¿&z«À}¨��{�S¬Sz«�À{Â]z«�z«É8�#�N~�z}À{�®�Â��Nª{z«| �
ÈË¨Áz«�N¿°¶áÀ«�ÈØ¨Á~�º8~�À«�N¸�¨�ê��N¸��S¿±z«À}¨��{�S¬Sz«�À{Â2(��~8�×Éµ¨�ªoz}�z·¨�óÁ�Ñz«É8|�ªo¿8| �B�SÀ«�N~�¬N�Ç|¦~�z}¨�¬N¬S�º8~�zW¤
Ò)É8|�ª)¬N¨�~+ê��°¿8�~8�±¨�ª)¶á�¸¦¸�Fÿ�ªP�
Ð!ª)|�~Jª{�N¬Sz«|��~+�¯¤¾�¯¤Õ¥q(�ÿÑ�±¨�ª«ª{º8È:�yz«É8�y®µ¨�À<z}|�¬S¸��SªÇz}#ê��±¿�|�ª{z«|�~8��º8|�ª{Éµ¨�ê8¸¦��¤w�2� z

~xs ∈ S
¸¦|��

|�~8ª{|�¿8��z}É��:ª{º8ê8ª«� z
S
Á¶Çz}É��:¬S�~�´µ��º�À}¨Áz«|��~µ¨Á¸ ª«®µ¨Á¬N�:ÿ�É�|�¬·É�|¦ª±¨�¬N¬S�Nª«ª{|�ê8¸¦�Íz«�z«É8�ÍÀ«�N¸�¨'�

êR�S¸��N¿�z}À«¨��{�N¬ z}�À<Â � z«É8� � ª«¸¦|�¬S��!Y�ø¤
N !

�N~��NÀ«���Sz}|¦¬W¨�¸¦¸¦Â��N¹Lº8|¦ÙÁ¨�¸¦�N~�z±¬N�~¯´µ��º8À«¨Áz}|¦�~8ª°¬W¨�~ ê��
�ê�z·¨Á|�~8�S¿�ê�Â È:�N¨�~8ª Á¶©z}É8�ËÀ«�N¸�¨Áz}|¦�~

~x = P · ~xs
¤�Ð!¸¦¸vz}É8�Sª«��¬S�~�´µ��º�À}¨Áz«|��~8ª°ÿ�|�¸¦¸vêR�

ÈË¨�®�®R�S¿�|�~�z} z«É8�yª«¸¦|�¬S�
ê�ÂËz}É��yÀ«�N¸�¨�ê��N¸�|¦~8� ®�À«%¬N�N¿�º8À«�#(8ª«�z}É��
À«�S¸÷¨�ê��N¸¦|�~8�±ÿ�|�¸�¸�|�~�¬NÀ«�N¨�ª«�
z}É8�°¿8�S~8ª«|ÕzÔÂ�|�~�z}É��±ª{¸�|¦¬N�yê�ÂJ¨ì¶�¨�¬Sz«�À)�¶

N !
¤

ρS(~x) = N !ρ(~x).

Ò)É8�×ÿ�É��¸��×¬N�~¯´µ��º8À«¨Áz}|¦�~µ¨�¸�ª{®µ¨�¬S�
ΓC

¬N¨�~ ê��×z«É8�º8��ÉLz>�¶8¨�ª>¬S�~8ª{|�ª{z«|�~8���¶
N !

|�¿��N~�z}|¦¬W¨�¸
¬N�®8|¦�Nª×�¶

S
ª{�z}É8¨Áz©¨Á~Ë|�~�z«�N��À«¨�¸ �¶2¨�~Ë¨�À«ê�|¦z}À«¨�À{Â ¶áº8~8¬Sz«|��~:�¶Qz«É8�º�~8À«�S¸÷¨�ê��N¸¦�N¿Ë¿��N~8ª{|¦zÔÂ

f(ρ)
�Ù��NÀ

S
¬N¨�~+ê��°� Ú¯®8À{�Nª«ª{�N¿]¨Áª

∫

S

d3Nx f(ρ(~x)) =
1

N !

∫

ΓC

d3Nxf(ρ(~x))

�ª«|¦~8��z}É8�Sª«�±À«�S¸÷¨Áz«|��~8ªÑz}É8�°¬N�~�´µ��º8À«¨Áz}|¦�~µ¨�¸R�N~�z}À{�®�Â
SS

�¶Dz}É��±À{�N¸�¨�êR�S¸��S¿�¿��N~8ª{|¦zÔÂ�|¦ª

SS = −kB
∫

S

d3Nx ρS(~x) ln [ρS(~x)] =

= −kB
∫

S

d3Nx N ! ρ(~x) ln [N !ρ(~x)]

= −kB
∫

ΓC

d3Nxρ(~x) [ln [ρ(~x)] + lnN !]

= S − kB ln(N !). � ½¯¤¾¼M�
ý¯|�~8¬S�]z}É8���N~�z«À«�®�Â�|�~*ÈÍ�È:�S~�z}º8È ª«®µ¨�¬S��|¦ªJ~8�z+¨#�R�N¬Sz«�N¿�ê�Â$z}É8� À«�S¸÷¨�ê��N¸¦|�~8�u()z«É8|�ª
À«�N¸�¨Áz}|¦�~�¨�¸¦ª«#É8�¸¦¿8ª©z}À{º8�y¶á�À©z}É��°z«�z·¨Á¸Q�N~�z}À{�®�Â�¤

�Á¼



4 5 �©�   �����

ñ�¥�§ ^ÝÇi j<nó¬�Ålkonqk2r±¯pw¯jY«sr
Ò>:�SÙÁ¨�¸¦ºµ¨Áz}�yz«É8� ¨Á®8®8À«�¨�¬·É�®8À{�Nª{�N~�z}�S¿]|�~Jz}É8�±®8À«� Ù%|��º8ª�ª«�S¬Sz«|��~8ª[(µÿÇ�±´µÀ«ª<z!Éµ¨Á¿+z}Í|�È"�
®8¸��SÈ:�S~�zì|¦z�|�~�¨+ÿ©¨WÂ z}Éµ¨7z�¬W¨�~�êR��º�ª«�N¿�z«���� z}É8�SÀ ÿ�|¦z«É�z}É��Ëz}%�¸�ª±º8ª{�N¿ z}&À{º8~ ¨�~�¿
¨�~µ¨�¸ÕÂ	�N��ö�³ ª{|�Èìº�¸÷¨Áz«|��~8ªS¤,ú���z}É��NÀ«� ¶á�À«��¿8�SÙ��N¸��®R�S¿,¨�¬N�ÈÍ®8º�z«�NÀ�®8À{���À«¨�È ¬W¨�¸¦¸��N¿
� �76�®��NÀ{Èìº�z}�k!·¤�Ó z�À«�N¨�¿8ªË¨�z}À«¨��{�N¬ z}�À<Â�|¦~ z}É��&ª{z}¨�~8¿µ¨�À{¿�¶á�À{ÈË¨Áz«ª:º�ª«�N¿*ê�Ââz}É8�&ö�³
ª«�¶5zÔÿÇ¨�À{��wi�)ò°ö+Ð�Æ)ýí(vª{�¸¦Ù��Nª�z}É���¸¦|�~8�N¨�Àì¨Áª«ª«|¦��~8ÈÍ�N~�z#®8À{�ê8¸��SÈ¼(vÀ{�N¸�¨�êR�S¸�ª z«É8��ÿ©¨7z}�NÀ
È:�¸��N¬Sº8¸��SªÇ¨Á¬N¬N�À«¿8|¦~8��z«�z}É��!ª«�¸�º�z«|��~Í�¶Qz«É8���2Ð
Ì`¨�~�¿Ë�º�z«®8º�z«ªÇz}É8�À«�S¸÷¨�ê��N¸¦�N¿#z}À}¨>�{�N¬��
z}�À<Â�|�~&¨:ª{z·¨Á~8¿µ¨�À{¿�¶á�À«È:¨Áz!¨���¨�|¦~Q¤�³!�Sz}¨�|�¸¦ªÁ¶v|¦z«ª!º8ª«¨���� ¬N¨�~&ê�� ¶á�º8~�¿&|�~+Ð!®8®��N~8¿�|ÕÚ
Ð ¤
Ò)É8� óÁ�SÂ�ª{z«�N®+|�~Jz}É8�±®8À«�®R�ª{�N¿&ÈÍ�Sz«É8%¿�|¦ª�z«:ª{�¸¦Ù��±z«É8�±¸�|�~��W¨�À�¨�ª{ª«|¦��~8ÈÍ�N~�z�®8À«�ê�¸��NÈ�(
ª«â¨�~ �2Ð
Ì ª«�¸ÕÙ��NÀ�|¦ª�z}É8�]¬SÀ«º8¬S|÷¨�¸!¬N�ÈÍ®R�~8�N~�z��¶��º8ÀËª«�¶5zÔÿÇ¨�À«�Á¤ß�µÀ«�È z}É8�]È:¨�~�Â
� Ú¯|�ª<z}|¦~8���2Ð
Ì`ª«�¸ÕÙ¯|¦~8��¨�¸¦���À{|¦z}É�È:ª×À«� Ù¯|¦�SÿÑ�N¿J|�~Ëª«�N¬ z}|¦�~�½�¤²�	(¯ÿÑ�y®8|�¬·óÁ�N¿J�~8�y®8À{�®��ª«�S¿
ê�Â8���~8ó��SÀÇ¨Á~8¿Íùs�¸����S~µ¨�~�z�$¾�%¥P& ¤>Ò)É8��ÈË¨�|¦~�À«�N¨�ª«�~�ª×¶á�Àv�º8Àv¬·É8�|¦¬N��ÿÇ�SÀ«��z}É8�)¶�¨�¬ zvz}Éµ¨Áz
|¦z�¨�¬·É�|��SÙ��Nª O(n3)

��}:¬S|��S~8¬SÂ�¨�~�¿Jz«Éµ¨Áz�¨ÍÆ:9;9�Î%|�ÈÍ®8¸��SÈ:�S~�z·¨Áz«|��~�|¦ª©À«�N¨�¿8|¦¸¦Â�¨WÙÁ¨�|¦¸÷¨�ê8¸¦�
¶áÀ«�È $ ½�¥P&G¤]ý¯|¦~8¬N�:z}É8|¦ª�|¦È:®8¸¦�NÈÍ�N~�z·¨7z}|��~ |¦ª�ÿ�À{|¦z«z«�N~�|¦~ Æ:9;9g( ÿÇ�ËÉµ¨�¿�z«&¬N�ÈÍ®8|¦¸��#|¦z
|�~�z}J¨�¿¯Â¯~8¨�È:|¦¬ì¸�|¦~8ó��S¿]¸�|¦ê8À}¨�À<ÂJz}�º8ª{��|¦zy|¦~]�º8À
ª{�º8À«¬S��¬N%¿8�ìÿ�É8|¦¬·É�ÿÇ¨�ªyÿ�À«|Õz«z«�N~]|�~
®8º8À{� Æ!¤
Ð!~8Áz}É8�SÀì|�ÈÍ®R�À{z·¨Á~Lz�®µ¨�À<zì�¶�z«É8��®8À{���À}¨ÁÈ |¦ª�z«É8��¬N�È:®8º¯z·¨Áz«|��~��¶�z}É8��¬S�ª{zìÈË¨Áz«À«|ÏÚ
cij
¤n�µ�ÀÑ¬N�~�Ù��N~8|¦�N~8¬S�2(8ÿÑ�
¿8�N¬S|�¿8�S¿�z}ì¬S�ÈÍ®8º�z}�|¦zÑ¶áÀ«�È z}É��!¬N%�À{¿8|�~µ¨7z}�NªÑ�¶2z}É��!ÿ©¨7z}�NÀ

È:�¸��N¬Sº8¸��SªP�oWÚ%Â¯���N~ ¨Áz«�ÈÍª��~�¸¦Â�¤JÒ)É8|¦ª�À{�Nª<z}À«|¦¬Sz«|��~�É8FÿÇ� Ù��NÀ�|¦ª�ª{�ÈÍ�Sÿ�Éµ¨Áz ¨�À{ê8|¦z«À}¨�À<Â�¤
ò
~8�+ÈÍ|���ÉLz:¨�ª#ÿÑ�N¸�¸�¬S�~8ª«|¦¿8�NÀÍê8º8|¦¸�¿8|¦~8�]z}É8��¬N�ª{z�È:¨Áz«À«|ÕÚ�¶áÀ«�È z«É8��¿8|�ª<z·¨�~8¬S�+Á¶
z}É8�
ÿ�É8�¸¦�°ÿÇ¨Áz«�NÀ�È:�¸��N¬Sº8¸��z}#|¦z«ª)À«�S¶á�SÀ«�S~8¬N�±ª{z«À«º8¬ z}º8À{��ê�Â�ª{�Sz«z«|�~8�

cij = (~xO,j − ~x0,O,i)
2 + (~xH1,j − ~x0,H1,i)

2 + (~xH2,j − ~x0,H2,i)
2.

Ð!¸¦ª«Jz}É8�Í¬N�~�ª«|�¿��NÀ}¨7z}|��~ Á¶©�z«É8�NÀ±¬NÀ{|¦z}�SÀ«|�¨�¶á�À°z«É8�ÍÀ«�N¸�¨�ê��N¸�|¦~8��ÈÍ|���É�z°ê��#ÿÑ�À<z}É�ÿ�É8|�¸¦��¤
Ò)É8�±¬N�À{À«�Nª{®R�~8¿8|�~��Ë¬·Éµ¨�~����Nª�ª«É8�º8¸�¿�êR�±�W¨Áª{Â�z}Í|�ÈÍ®8¸¦�NÈÍ�N~�z)|�~�z«Íz«É8��ª{�º8À{¬N�±¬N%¿8��Á¶
�76�®R�SÀ«Èìº¯z}��¤

í�õG�µõ�� Ý����>ðN�GðS�W¡¯�D��¢ �Á o¡%�'�Qð
Ò>âz}�Sª{z+�º8À�¨�¸����À«|Õz}É8È�(�ÿÑ��¨�®8®8¸¦|��N¿*|Õz�z«�¨ z}À«¨��{�N¬ z}�À<Â*�¶#�%¥F¼`ÿÇ¨Áz«�NÀ�È:�¸¦�N¬Sº8¸��SªN¤
Ìv|�¬Sz«º8À«�SªÁ¶>z«É8�Nª{��À{�Nª«º�¸¦z}ª�Éµ¨WÙ�� ¨�¸¦À«�N¨�¿�Â�ê��N�S~+®�À«�Nª{�N~�z}�S¿&|�~Jª{�N¬Sz«|��~+½�¤Å½�¤vÐØÈ:�À«�yÀ«|¦�#�
�À«�º8ªÑ¬·É��N¬·ó#¶á�À×z«É8��Ù�¨Á¸�|�¿�|¦zÔÂ ÿÇ¨�ªÑ�ê�z·¨Á|�~8�S¿:ê�ÂÍ¿8|�À{�N¬ z}¸¦Âì¬N�ÈÍ®µ¨�À{|�~8�yz}É��¬S�ª{zÑ¶áº8~8¬Sz«|��~
� Êv¹ ¤ ½�¤Å½M�Ñ¶á�À©z}É��±À{�N¸�¨�êR�S¸��S¿J¨�~8¿�º8~8À«�S¸÷¨�ê��N¸¦�N¿�z}À«¨��{�N¬ z}�À<Â�¤sÐï®8¸¦�z)�¶Dz}É8|¦ª)|�ª)ª{É8Fÿ�~�|�~
�/|���¤!Ä8¤Õ¥�¤ºz��z}�±z}Éµ¨Áz
|�~+z«É8|�ª®8¸�ÁzS(Rz«É8�ìÈÍ�W¨�~�ª«¹Lºµ¨�À{�ì¿8|�ª{®8¸÷¨Á¬N�NÈÍ�N~�z!|�ª!ª{É8Fÿ�~|(Qÿ�É8|¦¬·É
|�ª)�º�À�¬S�ª{z�¶áº8~�¬Sz}|¦�~J¿8|¦Ù%|¦¿8�N¿Jê�Â�z}É��±~Lº8È êR�SÀ�Á¶ ¨Áz«�ÈÍªN¤
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®8À«�Sª«ª«º�À«�
¨Á¸�¸�Fÿ�ªsº8ª×z}±ª}¨�ÈÍ®8¸���¨yÿ�|�¿8��À}¨Á~8�����¶Qz}É��|¦~Lz«�NÀ«¨�¬Sz«|��~#ª{z«À«�S~8��z}É:ÿ�|¦z}É��º�zsz}É8�
¿8|�ª<z}º8À{ê8|�~8�±�[�R�N¬ z}ªÑ�¶2®8Éµ¨Áª«�z«À}¨�~�ª«|¦z«|��~�ªN¤>ú���º8ª«�S¿�®R�SÀ«|¦¯¿8|¦¬�êR�º�~8¿µ¨�À<Â#¬N�~8¿�|¦z}|¦�~8ªv¶á�À
z}É8�°ª«|¦Èìº8¸�¨Áz}|¦�~Ëê�WÚB¤
Ò)É8��ª{Â%ª{z«�NÈ�ÿÇ¨�ª°ª«|¦Èìº8¸�¨Áz}�S¿�¶á�À ¥WéËÙ�¨Á¸�º8�Sªy�¶vz}É8��¬S�º8®8¸¦|�~8�Ë¬N�~8ª<z·¨�~�z«ª±À«¨�~8��|¦~8�Ë¶áÀ{�È
(C6, C12) = (0, 0) � |�¿8�N¨�¸���¨�ª]�Bº8®yz«

10× (1.2340 · 10−3, 2.3574 · 10−6
~8È

6)
ó���~8È

6
ÈÍ�¸ −1 ¤

Ò)É8�ì®µ¨�À«¨�ÈÍ�Sz}�SÀ«ª
(1.2340 · 10−3, 2.3574 · 10−6

~�È
6)
ó���~8È

6
È:�¸ −1 ÿ�|¦¸�¸2ª«�SÀ{Ù��#¨�ª
¨ËÀ{�S¶��

�NÀ«�S~8¬N��|¦~ì¶áº8À{z«É8�NÀs®8¸¦�z}ªv¨Á~8¿#¬W¨�¸¦¬Nº8¸�¨Áz}|¦�~8ªN¤DÓÔ~8ª<z}�W¨Á¿ÍÁ¶B�øÚ8¨Á¬Sz×~Lº8È:�SÀ«|¦¬W¨�¸%Ù�¨Á¸�º8�Sª ÿÇ�)ÿ�|�¸¦¸
®µ¨�À}¨ÁÈ:� z}�NÀ{|b�S�!z}É8�°¬S�º8®8¸¦|�~8�#¬N�~8ª{z}¨�~�z}ª�ê�Â�¨�~J|�~�z}�SÀ}¨�¬ z}|��~�®8¨�À}¨�ÈÍ�Sz«�NÀ

λ
ª{º8¬·É+z«Éµ¨Áz

(C6, C12)(λ) = λ× (1.2340 · 10−3, 2.3574 · 10−6 ~8È 6)
ó���~8È 6 È:�¸ −1.

Ò)É8� ®µ¨ÁÀ}¨�ÈÍ�Sz«�NÀ«ª��¶ ª«�ÈÍ��À{�W¨�¸o��¨Áª«�Nª¬W¨�~+êR�°¶á�º8~�¿�|�~÷$Ï¥F¼#&G¤�� �À�z«É8�±À}¨�À{����¨ÁªÐÀ«���~
z}É8� Â±¨�À«�

(6.21·10−3, 9.68·10−6 ~8È 6)
ó���~8È 6 È:�¸ −1 (�ª«�º8ÀDÈ:%¿8�S¸���¨�ªP(�z·¨Áó��N~ì¨Áz

λ = 5
(

|�ª)À«�º8��É8¸ÕÂ��N¹Lº8|ÕÙÁ¨�¸��S~Lz)z«#Ð!À«���~Q¤
Ò>�ª{|�Èìº8¸�¨Áz}��z}É8�!ª«�¸ÕÙ�¨7z}|��~Ë�¶>¨ì®µ¨�À<z}|¦¬N¸��|�~�¨ìª{�¸¦Ù��N~�zS(8ÿÑ�y®��NÀ{¶á�À«ÈÍ�N¿J¨ìª«�S¬N�~�¿�ª{�NÀ{|��Nª
�¶×ª«|�È º8¸÷¨Áz«|��~�ª�ÿ�É��NÀ«��z«É8��|�~�z}�SÀ}¨�¬ z}|¦�~&ª{z«À«�S~8��z}É��¶vz«É8��®µ¨�À<z}|¦¬N¸��Sª!ÿÇ¨�ªyÉ8�N¸¦¿]¬N�~�ª{z·¨Á~Lz
¨Áz
λ = 1

¨�~8¿]¨�~&¨�¿8¿8|Õz}|��~µ¨�¸2®µ¨�À<z}|¦¬N¸��yÿÇ¨�ª
|¦~8ª«�SÀ{z}�S¿�¨Áz�z}É8�ì¬S�N~�z}�SÀ
�¶ z«É8�ìª{|�Èìº8¸�¨Áz}|¦�~
êRWÚR¤�Ò)É8�#®R�ª«|¦z«|��~��¶Ñz«É8|�ªy®8¨�À{z«|�¬N¸¦� ÿÇ¨�ª°À«�Nª<z}À«¨�|�~8�S¿ ¨�~8¿�|¦z«ªy|�~�z}�SÀ}¨�¬ z}|��~&ÿ©¨�ªyÙÁ¨�À{|��N¿
êR� zÔÿÇ�S�N~

λ = 0
¨�~8¿

λ = 5000
¤

½��



Ð!¸¦¸
À«�Sª«º8¸Õz}|�~���z}À}¨>�{�N¬Sz«�À«|¦�Nª�ÿÑ�NÀ{��À{�N¸÷¨ÁêR�S¸��N¿$º�ª«|�~��â�>6�®��NÀ{Èìº�z«��¤ ú���º8ª«�S¿,¿8| �B�SÀ«�S~Lz
À«� ¶á�NÀ«�S~8¬N� ª{z}À{º8¬Sz«º8À«�SªP��Ò)É8�±´µÀ«ª<z!¶áÀ}¨ÁÈ:�°�¶ z«É8��z«À}¨��{�S¬Sz«�À{Â+¨�~8¿�¨�~&¨ÁÀ{z}|Õ´µ¬N|�¨�¸2À«� ¶á�NÀ{�N~8¬S�
ª{z«À«º8¬ z}º8À{�]|�~ ÿ�É�|�¬·Édz}É��]¨Áz}�È:ªÍÿÇ�SÀ«�&¸¦|�~8�S¿dº8®$¨�¸¦�~8��¨�ª«|¦È:®8¸¦�+¬Sº8ê8|¦¬ � ª{¬>�:¸�¨Áz«z«|�¬N�Á¤
�µ�À!z}É��ìª«|¦Èìº8¸÷¨7z}|��~�ª«�SÀ«|¦�Nª!ÿ�|Õz}É&z}É��#¨�¿8¿8|Õz}|��~µ¨�¸o|�~8ª{�NÀ<z}�N¿�®µ¨ÁÀ{z}|¦¬N¸¦�2(RÿÑ�#¨�¸¦ª«�º8ª{�N¿�z}É8�
¸÷¨�ª<z!¶áÀ«¨�È:��¨�ªy¨:À«�S¶á�SÀ«�S~8¬N��ª<z}À«º�¬Sz}º�À«��¤±ÆÇFÙÁ¨�À{|÷¨�~8¬S�ì¨�~8¨�¸¦Â%ª«�Sª!ÿÑ�NÀ«� ¬W¨�À{À«|��S¿&�º�z¶á�À
¨Á¸�¸
À«�Sª«º8¸Õz}|�~��#z«À}¨��{�S¬Sz«�À«|¦�NªP(�º8ª«|¦~8�Íz«É8��w��©ò±ö�Ð�Æ)ý�z«¯�¸¦êRWÚR¤

í�õ��|õÏí Ü0üD�	øQ�>��Þ�¡%�DðW�����oàµå×Þ��2�o¡¯å

5

d
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Ò>�º8~8¿8�SÀ«ª<z·¨�~8¿ z}É8�Íê��NÉµ¨WÙ%|��À°�¶×z}É��:¨Á¸����À{|¦z«É8È:ª!|�~]z}É8�
z}�Nª<z&ª<Â¯ª<z}�SÈ:ª&¿�|�ª«¬Sº8ª«ª{�N¿Ø¨�ê�FÙ��#(°ÿÑ� ¨�~8¨�¸¦Â	�N�S¿�¨�~Ö�SÙ��S~
ª«|�ÈÍ®8¸¦�NÀoª{Â%ª{z«�NÈ�(�~µ¨�ÈÍ�N¸ÕÂyz}É8À{�N�Ç¿�|�ª«óLª Á¶µ¿8|÷¨ÁÈ:� z}�NÀ

d
ÈÍFÙ;�

|�~8�#¨�~J¨Í��³�ê�WÚR¤×Ò)É�|�ª)ª{Â%ª<z}�NÈÛ|�ª©ª{º0}Í¬N|��S~�z}¸¦Â�ª«|�ÈÍ®8¸¦�z}
���N~8�SÀ}¨Áz«�]z}É8���N~�ª«�NÈ ê8¸���ê�Â$z}É8��ö+�~Lz«�øÎ�Æ©¨ÁÀ«¸�`ÈÍ�Sz«É8¯¿
� Ú¯®8¸÷¨Á|�~8�S¿+¨ÁêRFÙ��Á¤
Ò)É8�:|¦~�z}�NÀ«¨�¬Sz«|��~�®��z}�S~�z}|÷¨Á¸ �¶×zÔÿÇ&�FÎ%¿8|¦È:�S~8ª«|¦�~µ¨�¸>¿8|�ª{ó%ª
®8¸÷¨�¬S�N¿+¨Áz�®��ª«|Õz}|��~8ª

~x1

¨�~8¿
~x2

|¦ª

V (~x) =

{
∞ |¦¶ |~x1 − ~x2|2 < d2

0
�z}É8�SÀ{ÿ�|¦ª«�

Ò)É8��z}À{|÷¨�¸)¬S�~�´µ��º8À}¨Áz«|��~�ªÍÿÑ�NÀ{�&À}¨�~�¿8�ÈÍ¸¦Â ®8¸�¨�¬N�S¿d�~�¨
ª«¹Lºµ¨�À{�°�¶/ª{|�¿8�S¸��S~8��z}É

5
¤ ú��°���S~8�NÀ«¨Áz}�S¿Jª«�SÙ��NÀ«¨�¸o�N~8ª{�NÈìê8¸¦�Nª)ÿ�|¦z«É�z}É8�°¿8|�¨�ÈÍ�Sz}�SÀÇ�¶Dz}É��

¿8|�ª{óLªÇÀ}¨Á~8��|�~��±¶áÀ{�È
d = 0

z«
d = 3.0

|¦~Ëª{z«�N®8ªÇ�¶
∆d = 0.2

¤ Ð!¸¦¸µ�N~8ª{�NÈìê�¸��NªÇ�ê�z·¨Á|�~8�S¿
|�~�z«É8|�ª�ÿ©¨WÂ�ÿÑ�NÀ{�JÀ«�N¸�¨�ê��N¸��S¿�º8ª{|�~8�]�º8Àìª{z}¨�~8¿µ¨ÁÀ«¿Ý�2Ð
Ì ª«�¸ÕÙ��NÀh$¾�¯¥[&Çº8ª{|�~8�&z«É8�Ëz«É8À«�S�
®R�|�~�z}ª

[3.8, 0.6], [1.2, 2.9]
¨�~8¿

[4.4, 2.7]
¨Áª�À{�S¶á�SÀ«�N~�¬N�±ª{z}À{º8¬Sz«º8À«�Á¤

í�õ��|õ¦£ B�à��F¡L�

ý¯|�~�¬N� ÿÑ�Ç¨�|¦ÈÖ¨7zD¨)z«À«�N¨Áz}ÈÍ�N~�zo�¶%ÈÍ�À«�v¬S�È:®�¸�� Ú!ª«�¸¦Ù��S~�z}ªDª«º8¬·É�¨�ª2ÿ©¨7z}�NÀ[(7ÿÑ�×¨�¸�ª{©z}�Sª{z}�S¿
�º8À ¨�¸����À«|¦z«É8È�ÿ�|Õz}É ¨&ª{|�ÈÍ®8¸���ÿÇ¨Áz}�SÀìª{Â%ª{z«�NÈ�¤&ú��Ëª«|�È º8¸÷¨Áz«�N¿��¯¥F¼�ÿÇ¨Áz«�NÀìÈÍ�¸��S¬Nº8¸¦�Nª
¶á�À!����~8ª|�~&¨:êRWÚ+�¶s¨�®�®8À«WÚ¯|�È:¨Áz}�S¸¦Â

1.87
~8È ª«|¦¿8�N¸¦�N~8�Áz}É+ÿ�|Õz}É+®R�SÀ«|�%¿8|¦¬±ê��º8~�¿µ¨�À«|¦�NªS¤

Ð!��¨Á|�~:ÿÑ�!�SÈ:®�¸�FÂ��S¿�È:�¸��N¬Sº8¸÷¨ÁÀv¿�Â%~µ¨�ÈÍ|�¬NªÑ¨�~8¿Ëª«�¸ÕÙ��N¿hz�Sÿ)z«�~|� ª©�N¹Lºµ¨7z}|��~Ë�¶2ÈÍ�z«|��~
z}:���N~8�SÀ}¨Áz«� ¨#z}À«¨��{�N¬ z}�À<Â+Á¶/z}É�|�ª�ª{Â%ª{z«�NÈ�¤©ú���º8ª«�S¿�z}É8�±ª«|¦È:®�¸��°®R�|�~�z�¬·Éµ¨�À«��� � ý�Ì×Æ,�
È:%¿8�S¸�$ ½#&Çÿ�É8|¦¬·É`¿8�Nª{¬NÀ«|¦êR�Sªìz}É8��ÿÇ¨Áz«�NÀ�ÈÍ�¸��S¬Nº8¸¦�:ê�Â�z«É8À«�S�J¨Áz}�È:ª � òg(w��¥J¨Á~8¿Ý�
�q�
É8�N¸¦¿�z}����Sz«É8�NÀ�êLÂ À{|���|¦¿�ª<z}|�¬·óLªS¤�Ò)É8��ê��~8¿�¸��S~8��z}É�ª�ÿÑ�NÀ«�:´�Ú¯�N¿ º8ª{|�~8��z}É8�Jý¯ÊsÒ)Ò��oÊ
¨�¸����À«|Õz}É8È $ ½�Ä2&G¤/Ò)É8�)®µ¨ÁÀ{z}|�¨�¸�¬·É8¨�À«���Sªv�¶�z}É8��¨Áz«�ÈÍª>ÿÑ�NÀ«�)z}¨�ó��S~Í¶áÀ{�È z«É8��wi�)ò°ö+Ð�Æ)ý
¶á�À«¬S�y´µ�N¸¦¿÷$ ½��#&n$ Ä2&G¤
Ò)É8� ª<Â%ª{z}�SÈ»ÿ©¨�ª�¬N�º8®8¸��S¿+z«Ë¨Í½����q�Øz}�SÈ:®��NÀ«¨Áz}º8À{��ê8¨Áz}É+¨�~8¿+¨+¥±êµ¨�À�®8À{�Nª«ª{º8À«��êµ¨Áz«É
º8ª«|¦~8� ¨�§Ñ�NÀ«�S~8¿8ª{�N~$z}É8�SÀ«ÈÍ#� ¨�~8¿$êµ¨ÁÀ«�ª<z·¨ÁzÞ$¾��&)()ª{|�~8¬S�]¨�~d|¦ª«�êµ¨ÁÀ«|�¬�¨�~�¿d|�ª{�z}É8�SÀ«È:¨�¸

½�¥



ª{Â%ª{z«�NÈ |�ª�z}É��JzÔÂ%®8|¦¬W¨�¸�¬·É8�|�¬N��¶á�À�ÿÇ¨Áz}�SÀN¤ Ò)É8�+À{�Nª{º8¸¦z«|�~8��z}À«¨��{�N¬ z}�À<Â ÿ©¨�ªÍÀ«�S¸÷¨�ê��N¸¦�N¿
º8ª«|¦~8���76�®��NÀ«È º�z}��¨Á~8¿&º8ª{|�~8��z«É8� ´µÀ{ª{z
¶áÀ«¨�È:� ¨�ª
À{�S¶á�NÀ{�N~8¬S��¤�ÆÇFÙÁ¨�À«|�¨�~8¬N�ì¨�~µ¨�¸ÕÂ¯ª{�Nª
Á¶
z}É8�#À«�S¸÷¨�ê��N¸¦�N¿&z«À}¨��{�S¬Sz}�À{Â]ÿÑ�NÀ«�Í¬W¨ÁÀ«À«|¦�N¿��º�z°|¦~8¬N¸¦º8¿8|¦~8�J¨Áz}�È:ªy�¶×z}É��Íª<Â%ª{z}�SÈ ¨�ª
ÿÇ�S¸�¸
¨�ªP( ¨�¸Õz}�SÀ«~µ¨Áz«|¦Ù��N¸¦Â2(�|Õz}ª)WÚ%Â¯���N~8ª¨Áz}�È:ª)�~�¸¦Â�¤

½��
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m
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unrelabeled trajectory
trajectory relabeled wrt.
sc lattice structure
trajectroy relabeled wrt. first frame
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�¦¥�§ fJr±%iu«n¬¦Ø «�Ä�pKJ>psr:L©m!kQiMLON p×p�Å^¨P)spB¨
�2�Szº8ª!~8FÿØ¨Á~µ¨�¸¦Â	�S�±z«É8���S~�z}À«�®LÂ+�Nª<z}|¦ÈË¨Áz«|��~�®�À«FÙ%|�¿8�S¿�ê�Â��º8À�È:� z}É8%¿�¶á�À�z«É8��´8À«ª{z
z}�Sª{z�ª{Â%ª{z«�NÈ�(µz}É8�yÙÁ¨�~%Î%¿��NÀlÎ�ú�¨�¨Á¸�ª)��¨�ªS¤

£|õG�µõ�� Ý����Ræ�¡L�'
 ¡%�D��¡�àµ�oàµå5¢oðW��ð

ý¯|�~�¬N�ì¬S�~�Ù��NÀ{���N~�¬N���¶vz«É8�ìª«|¦Èìº8¸�¨Áz}|¦�~J|�ª
¨:¬NÀ«|Õz}|¦¬W¨�¸o|�ª{ª«º8�h$Õ¥Fõ'&¦$Ï¥Fé#&s$Õ¥FÃ'&)( ÿÑ�ì´µÀ«ª<zy®R�SÀY�
¶á�À«ÈÍ�N¿:¨°¬N�~�Ù��SÀ«���S~8¬N�z}�Nª<zÇÁ¶Bz}É��ª{|�Èìº8¸�¨Áz}|¦�~Q¤oÒD�z}É�|�ª×¨�|�È�(�ÿÑ�!¬S�~8ª«|¦¿8�NÀ{�N¿Íz}É8��|�¿8�N¨�¸
��¨�ª°¬W¨Áª«�Í¨�~8¿ ¬N�ÈÍ®8º�z«�N¿]z}É��Í�S~�z}À«�®LÂ�Á¶Ñz«É8�#º8~8À«�S¸÷¨�ê��N¸¦�N¿ ¨�~8¿�À{�N¸÷¨ÁêR�S¸��N¿]z«À}¨��{�S¬Sz}�À{Â
º8ª«|¦~8�yz}É8�ý¯¬·É�¸�|¦z{z}�SÀ ¶á�À«Èìº�¸÷¨�¤DÓÔ~�z}É8��À«�S¸÷¨�ê��N¸¦�N¿#¬W¨Áª«�)z}É8���S~Lz«À«�®�Â�ÿÇ¨�ªs¬N�À{À«�S¬Sz}�S¿Ëº8ª{|�~8�
Êv¹�¤�½�¤Å¼�¤��/|¦�8¤s�¯¤Õ¥°ª«É8Fÿ,z}É8�°À«�Sª«º8¸Õz}ª)¶á�À)ª{�SÙ��SÀ}¨�¸Dª«|¦Èìº8¸�¨Áz}|¦�~Ë¸¦�N~8��z«É8ªN¤
Ð!ª�¬W¨�~�êR�Íª«�S�N~|(/z«É8�Í�N~�z}À{�®�Â�¬S�~�Ù��SÀ«���Sª z}�¨J´µ~8¨�¸vÙ�¨Á¸�º8�#ÿ�|¦z«É8|�~ ¸��Sª«ª°z}Éµ¨�~

104
®8ªN¤

��S~8¬N�#(�¨�ª«|¦Èìº8¸�¨Áz}|¦�~ ¸��S~8��z}É �¶°�Á��~8ªÍª«É8�º8¸�¿ êR��ª«º0}Í¬S|��N~�z�z«�ª{º8®8®8À{�Nª{ª�ª}¨�ÈÍ®8¸¦|�~8�
�NÀ{À«�À{ªN¤vÒ)É8�y���S~8�NÀ«¨Áz}�S¿�z}À}¨>�{�N¬Sz«�À«|¦�Nª©¬N¨�~�z}ÉLº8ª)ê��
º8ª{�N¿�z} ¬N�ÈÍ®µ¨�À{�
¿8|~�R�NÀ{�N~�z)�S~Lz«À«�®�Â
�Nª<z}|�È:¨Áz«|��~#ÈÍ�Sz}É�¯¿8ªS¤ Ó zÑ|�ªÑ¨�¸�ª{ ¨�®�®µ¨�À«�S~�zÇ¶áÀ«�Èqz}É8��´µ��º8À{�z«Éµ¨Áz×z}É8��À«�S¸÷¨�ê��N¸¦�N¿#z}À}¨>�{�N¬��

½�½



z}�À<Â ¬S�~�Ù��NÀ{���Nªsª{|���~8|Õ´µ¬W¨Á~Lz«¸¦Â°¶�¨�ª<z}�NÀ>z}Éµ¨�~ìz«É8�)º8~8À{�N¸�¨�êR�S¸��S¿ì�~8�Á¤ Ò)É8|�ª/À«�Nª{º8¸¦z |�ª/�øÚ�¨�¬Sz«¸¦Â
ÿ�Éµ¨Áz!ÿÑ�ì�øÚ�®��N¬ z}�S¿|(Qª«|¦~8¬N��z}É8��À«�N¸�¨�ê��N¸�|¦~8�#ÈË¨Á®8ªz«É8��z«À}¨��{�S¬Sz}�À{Â+|�~�z}Ë¨Ëª«È:¨�¸�¸QÙ��¸�º�È:�
�¶>z«É8�°®8Éµ¨�ª{�°ª«®µ¨�¬S�2(µÿ�É8|¦¬·É+|¦ª)|�~�z}º8À{~Jª}¨�ÈÍ®8¸��S¿�¶�¨�ª{z«�NÀN¤
�o� z�º8ª�~8FÿÖz}º�À«~�z}#z}É8�±¨�~8¨�¸¦Â%ª«|¦ª©�¶>z}É8�y�S~Lz«À«�®�|��Nª�¶á�À)¿8| �B�SÀ«�S~Lz)ÙÁ¨�¸¦º8�Nª��¶

λ
¤

£�õ��µõ¦� �S�D¡Làµå±
�à8ð
�o� zvº8ªv¬S�~8ª«|¦¿8�NÀ>z}É8�©¬N¨�ª«�

λ = 0
´µÀ{ª{zW¤w��NÀ{�2(�z«É8�)�N~�z}À{�®�Âì�¶ z«É8�©ª{Â%ª<z}�NÈq¨�ª ÿÇ�S¸�¸�¨�ª/z}É��

�Nª{z«|�È:¨Áz}�y��|¦Ù��S~+ê�Â�ý¯¬·É8¸¦|¦z{z}�NÀ[�Åª)¶á�À{Èìº8¸�¨ì¬W¨�~�êR�±¬W¨Á¸�¬Nº�¸÷¨Áz«�N¿�¨�~µ¨�¸ÕÂLz}|�¬N¨�¸�¸ÕÂ:¨�ª¿��Nª«¬SÀ«|¦êR�S¿
|�~�ª«�S¬Sz«|��~��¯¤¾�¯¤¦¥�¤
Ò)É8�NÀ{�ËÿÇ�:¶á�º8~8¿�z«Éµ¨Áz z«É8�Ë�S~�z}À«�®LÂ��¶�¨�~�|¦¿8�W¨Á¸Ñ��¨Áª º8~8¿��NÀ z«É8����|ÕÙ��N~�¬N�~8¿�|¦z}|¦�~8ª±|�ª
S = 13.54

ïRQS�T ÉHË ¨�~8¿$z}É8¨ÁzJ�Nª<z}|�È:¨Áz«|�~8��|Õz}ª��S~Lz«À«�®�Â*º8ª{|�~8� z«É8��ý¯¬·É8¸�|Õz«z«�NÀ�¨�®�®8À«�¨Á¬·É
ª«É8�º�¸�¿J¸��N¨�¿�z}Í¨ìÙ�¨Á¸�º8�y�¶

S = 13.98
ïUQS�T ÉHË

Ò)É8� �N~�z}À{�®�Â��¶#z«É8� º8~8À{�N¸÷¨ÁêR�S¸��N¿,z}À}¨>�{�N¬Sz«�À{Â,ÿ©¨Áª]¬N�ÈÍ®8º�z«�N¿Øº8ª«|¦~8�dz}É��`ý¯¬·É8¸¦|¦z«z«�NÀ
È:� z}É8%¿|(Rÿ�É�|�¬·É]Â%|��N¸¦¿8ªy¨�~]�S~�z}À«�®LÂ&�¶

S ÔVÕVã ÎÖËÚÒ(VkÎÏËÍÎÏÌ = 13.95
ïRQS;T ÉHË ÿ�É8|¦¬·É�¨Á��À«�S�Nªy~8|¦¬N�N¸ÕÂ

ÿ�|¦z}É�z«É8�°¬W¨�¸¦¬Nº8¸�¨Áz}|¦�~8ªÇ®�À«�Nª{�N~�z}�S¿]¨�ê�FÙ���¤
ÆÇ�È:®�º�z}|¦~8��z«É8�
�N~�z«À«�®�ÂË¶áÀ{�È z}É8�!À«�N¸�¨�ê��N¸��S¿:z«À}¨��{�S¬Sz}�À{Â:º8ª«|¦~8� z}É��°ý¯¬·É8¸¦|¦z«z«�NÀ×¶á�À«Èìº�¸÷¨
¨�~8¿J¬N�À{À«�S¬Sz}|¦~8��z}É8�°À{�Nª«º�¸¦z�ê�Â�¶á�À«È º8¸÷¨�½�¤Å¼ìÂ%|��N¸¦¿8ª©z}É��±�S~�z}À«�®8|��Sª

S WkÎÏã TYX Ðbâ = 13.94

ó��
� È:�¸ , ¨�~8¿ S W�ÎÏã TYX ÈÊãbÒ T Î = 13.95

ó��
� ÈÍ�¸

¿8�N®��N~8¿�|�~8�°�~#ÿ�É8|�¬·É#À{�S¶á�NÀ{�N~8¬S�ª<z}À{º8¬Sz«º8À«� � ª{¬�¸�¨Áz«z«|�¬S�©�À ´µÀ{ª{zs¶áÀ}¨�ÈÍ�>�oÿ©¨�ª×º8ª{�N¿#¶á�À z}É8�
À«�N¸�¨�ê��N¸�|¦~8�8¤ Ò)É��±��¯%¿�¨���À«�S�NÈÍ�N~�z�ÿ�|¦z«É�ª{�N¬ z}|��~&�¯¤¾�¯¤Õ¥�|¦ª)�N~8¬S�º8À«¨���|�~��8¤sÓ z�ª«É8Fÿ�ªz«Éµ¨Áz
z}É8��ª«¸�|¦¬N�°�¶ z«É8� ®�Éµ¨�ª«��ª«®µ¨Á¬N� ÿ�É8|¦¬·É&À«�SÈË¨Á|�~8ª�¨�¬S¬N�Nª{ª«|¦ê8¸��±z}:z«É8� À{�N¸�¨�êR�S¸��S¿�z«À}¨��{�S¬Sz}�À{Â
¬W¨�~dê���ÿÑ�N¸¦¸´8z�ê�Â�¨ w°¨�º8ª«ª{|÷¨�~ ¶áº8~8¬Sz«|��~B¤�Ò)É8|�ªË|�ª�¨�~8�~�z}À{|¦Ù%|÷¨�¸�À«�Sª«º8¸ÕzS()ª{|�~8¬S��z}É8�
®8À«�®��NÀ<z}|¦�NªD¿8�NÀ{|¦Ù��S¿ì|�~�ª«�S¬Sz}|¦�~ì½¯¤ÅÄ
®�À«FÙ%|�¿8�S¿ ~8
É�|�~�z}ªoz}�ÿ�É8�Sz«É8�NÀv¨!w±¨Áº8ª«ª{|÷¨�~±¶áº8~8¬Sz«|��~
|�ª©ÿÑ�N¸�¸o¨Á¿µ¨�®�z«�N¿�z}#z}É8�°ª{Éµ¨�®��±Á¶>z«É8�°ª«¸�|¦¬N�Á¤

£�õ��µõ¦Ü ç�ü2��¡¯ðNð#ç
�R�F��� ß/�á¡%ð½ø��� o¡&��àµðN¡
λ 6= 0

�o� z/º�ª/~8Fÿ z}º�À«~ z«z}É��Ñ¬N¨�ª«�
λ 6= 0

¤/ý¯|�~�¬N�sÿÇ�©É8¨FÙ��©¨�¸¦À«�N¨�¿�Â°¿8|¦ª«¬Nº�ª«ª«�S¿ìz}É8�ÑÈË¨Á��~8|¦z«º8¿8�
�¶¯z«É8�Ñ¨�ê8ª«�¸�º�z«�×�S~�z}À«�®LÂ°|¦~yz}É8�×®8À«� Ù%|��º8ªoª{�N¬Sz«|��~7(ÁÿÑ�Ñ~8Fÿ ª<ÿ�|¦z«¬·É±z«�z«É8�Ñ¬S�~8ª{|�¿8�SÀ}¨Áz«|��~
�¶ìÀ{�N¸÷¨7z}|¦Ù��]�N~�z}À{�®8|¦�NªN¤ �/|��8¤Û�¯¤¾�`ª{É8Fÿ�ª+z«É8� ¡Müo��¡%ðWðd¡%�R�W�7� ßB¢ (
| ¤ ��¤ (!z}É����S~Lz«À«�®�Â
¿8|~�R�NÀ{�N~8¬S�×z«�z«É8�Ñ|¦¿8�W¨Á¸���¨�ªN¤oú��Ñ¬S�È:®�º�z}�×À«� ¶á�NÀ«�S~8¬N�×ÙÁ¨�¸�º8�Sªo�¶�z«É8�Ñ�S~�z}À«�®LÂ�¨Áz>¿8| �B�SÀ«�N~�z
λ
ê�Â�®R�SÀ{¶á�À{È:|¦~8�y¨
z}É��NÀ«ÈÍ%¿�Â%~µ¨�ÈÍ|�¬Ç|¦~�z}�N��À}¨Áz«|��~ � Ò)ÓY�/êR� zÔÿÇ�S�N~Ëz«É8�)|�¿8�N¨�¸8��¨Áªs¨�~8¿�z}É8���¨�ª�¨Áz�¨�´µ~8|Õz}�

λ
¤

Ò)É8�Ë��À{Fÿ�|�~8��|�~�z}�SÀ}¨�¬ z}|¦�~�¸¦�W¨�¿�ª�z}+¨+¿��N¬NÀ{�W¨�ª{���¶©z«É8�Ë�S~�z}À«�®LÂ2(v¨�ª�|�ª°ª«É8Fÿ�~ ê�Â�z}É8�
¿8�N¬SÀ«�W¨Áª«|�~��ËÒ)Ó)¬Nº�À{Ù��Á¤Ò)É�� �Nª<z}|¦ÈË¨Áz«�°êµ¨�ª«�S¿&�~�z}É8� ÌÑÆÇÐ��¶ z«É8��º�~8À«�S¸÷¨�ê��N¸¦�N¿+z«À}¨��{�S¬��
z}�À<ÂË¶�¨�|¦¸�ªÇz«ÍÀ{�N¬S���~8|~�N�yz}É8|¦ª)�[�R�N¬ zW¤s|¦z�� Ù��N~+|�~8¬SÀ«�N¨�ª«�Sª�ª{¸�|¦��É�z}¸¦ÂÍ¶á�À)|¦~8¬NÀ{�W¨�ª{|�~8�

λ
¤
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thermodynamic integration

57698;:�èq:Ú·q?yæ|rM\]U]G^G"UVA'OHX^QSoM6RU]G¶QPt�NÞ¹>NPA2ë#WMUVX)ë���N>NPLRG�8'NSG�NSG�N�t�JMA;\VOH6RQSA QPtKOHv;Uh69A#O^UVXYNS\VOH6RQSAGHOHX^UVAM8>OHv�:`¾wv;UVXHIiQ#W T A	NPIº6R\F69A'O^UV8>XYNPOH6RQSA _ \ T NPAÛ\VJMXH¹�U�dº6RG%J;G^U]WÛNSG½N a UVA;\YvMI�NPXHc{tàQSX�OHv;UUVA#OHX^QSo T U]G^OH69I�NPO^UBoMX^Q�¹#6RWMU]W a'T NKÜ&D.@=QPt�OHv;U±JMAMX^UVL N a UVLRU]WgNPA;W%OHv;UBX^UVL N a UVLRU]W�OHXYN[ZHU]\VO^QSXH6RU]Gk:
Ò)É8�°¨�¬S¬Nº8À«¨�¬SÂË�¶2z}É8�y�S~�z}À«�®LÂË�Nª<z}|�È:¨Áz«�!|�ªÑ¿8À}¨ÁÈË¨Áz«|�¬N¨�¸�¸ÕÂì�N~�Éµ¨�~8¬S�N¿�êLÂÍz}É��yÀ«�N¸�¨�ê��N¸�|¦~8�
®8À«%¬N�S¿8º8À{��¤Í§Ç�z«É��Sª{z}|¦ÈË¨7z}�Nªyê8¨�ª«�S¿��~ À«�S¸÷¨�ê��N¸¦�N¿&z«À}¨��{�S¬Sz}�À«|��Sª°¬N¸��N¨�À«¸ÕÂ�À{�N¬S���~8|~�N��z}É8�
¿8�N¬SÀ«�N¨�ª«�
Á¶Bz}É���S~Lz«À«�®�Â�¤��FÿÇ� Ù��SÀÇz}É8� Â#¿8 ~��zs¶áº8¸�¸ÕÂ�À«�S®8À«%¿8º8¬S��z«É8�Ò)Ó/À«�Nª{º8¸¦z×ÿ�É8|¦¬·É
êR�S¬N�ÈÍ�Nª�®µ¨�À<z}|¦¬Nº8¸�¨�À«¸ÕÂ�¬N¸¦�W¨�À)¶á�À)z«É8� ¬N¨�ª«�±�¶v¸�¨�À«���

λ
¤)Ò)É8�±¿8�N®��N~�¿8�N~8¬S�ì�~�z}É8�±À«� ¶á�NÀY�

�N~8¬S�ìª{z«À«º8¬ z}º8À{�ìº8ª{�N¿&|¦ªª{ÈË¨�¸¦¸ ¤�ý%|�~8¬S��z}É�� À«�N¨�ª«�~�¶á�À�z}É8���ê8ª«�SÀ{Ù��N¿]®8À{�®R�SÀ{z«|��Nª�|�ª�~8�z
�ê�Ù%|��º8ª[(µ¸�� z�º8ª�¨�~µ¨�¸ÕÂl�S�yz}É8�±½7Ú8��³ïÈÍ¯¿8�S¸Bz}Í� Ú¯®8¸�¨�|�~�z«É8�°À«�Sª«º8¸Õz}ª��¶.�/|��8¤v�¯¤²�%¤

�¦¥Â¤ ×[Z�¤ L)mj<nqk2r�¨%jY«srpBÅìn «)m!k�Å^¨
ÓÔ~âz«É8|�ª�¬N¨�ª«�#(Ñz«É8�+ö+�~�z}�·Î�Æ©¨�À«¸¦ ¨�¸����À«|¦z«É8È ®8À«FÙ%|�¿��NªÍ¨]~8�W¨�À{¸¦Â �øÚ�¨�¬Sz#ÙÁ¨�¸�º���¶á�Àìz}É8�
�N~�z}À{�®�Âq(!ÿ�É�|�¬·É*ÿÇ�]ÿ�|�¸¦¸º�ª«� ¨�ªJ¨ êR�S~8¬·É8È:¨�À«ó ¶á�ÀËz}É���Ì×ÆÇÐ)Î%êµ¨�ª{�N¿�À«�Nª{º8¸¦z«ªN¤qÒ)É��
¬N�~¯´µ��º8À«¨Áz}|¦�~µ¨�¸%�N~�z}À{�®�ÂìÿÇ¨�ªv¬N�ÈÍ®8º�z«�N¿ì¶á�À/�SÙ��SÀ{Â

d
º8ª{|�~8�°¨yÌ×ÆÇÐ$�¶µz«É8�)º8~8À{�N¸�¨�êR�S¸��S¿

¨�ªvÿÇ�S¸�¸ ¨�ªvz«É8��À«�N¸�¨�ê��N¸��S¿�z}À}¨>�{�N¬Sz«�À{Â�¤sý¯|¦~8¬N�)ÿÑ�!¨�À{�)�~8¸ÕÂ�|�~�z}�SÀ«�Sª{z}�S¿:|¦~#¬N�~�´8��º8À}¨7z}|��~µ¨�¸
�N~�z}À{�®8|¦�Nª |¦~ z}É8|¦ª ¬W¨Áª«�2(�z«É8�,�°¨�À{®8¸�º8ªD¶á�À«È º8¸÷¨ � Êv¹ ¤��¯¤Õ¥WÄ;�o|�ª º8ª{�N¿ì¶á�À>z}É8�©¬S�ÈÍ®8º�z·¨7z}|��~Q¤
Ò)É8��À«�Sª«º8¸Õz}|�~����N~�z}À{�®8|¦�NªJ¨�À{�]ª«É8Fÿ�~�|�~ �/|¦�`�¯¤Å½�Ò)É8��¨���À{�N�NÈÍ�N~�zJ�¶°z«É8�]|�¿8�N¨�¸ÏÎL��¨�ª
�N~�z}À{�®8|¦�Nª ê��SzÔÿÑ�N�S~�z}É8�:Ì×ÆÇÐÛ�Sª{z}|¦ÈË¨7z}�Nª±¨�~�¿�z}É�� � �øÚ�¨�¬SzY!ÍÀ«�Nª{º8¸¦z � ö+�~�z}�·Î�Æ©¨�À«¸¦y�y|�ª
~8�z
¨�ª!��%%¿�¨�ª|�~�z}É8��¬W¨�ª{� �¶ z«É8��ÙÁ¨�~LÎ%¿8�NÀÔÎLú�¨�¨�¸�ª���¨�ªS¤Ò)É�|�ª!|¦ªÈÍ�ª<z!¸¦|�ó��S¸¦Â�¿�º8� z}
z}É8�°¿8| �B�SÀ«�S~Lz�ê�WÚJª«|~�N��¤
�µ�À>ÙÁ¨�À<Â¯|¦~8�

d
z}É��)ª«|¦z«ºµ¨Áz«|��~�|�ª ª{|�ÈÍ|�¸÷¨ÁÀoz«!z}É��©Ù�¨Á~%Î%¿8�SÀlÎLú�¨�¨�¸¦ª/� Ú�¨�ÈÍ®8¸¦�2�DÒ)É8��ö+�~�z}�·Î

Æ©¨�À«¸¦!�S~Lz«À«�®�Â�¿8�N¬SÀ«�N¨�ª«�Sªs¶á�À>|¦~8¬NÀ{�W¨�ª{|�~8�
d
¤/ÐdÌ×ÆÇÐ �¶µz}É8�Ñº8~8À{�N¸÷¨ÁêR�S¸��N¿ �N~8ª{�NÈìê8¸¦�Ñ¶�¨�|¦¸�ª

½��
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57698;:7èq:Úäq?ºæ�A'OHX^QSoM6RU]G�69AÞOHv;U½ä[r;·SE¡\kNSG^U>:8\±UVX^U�O^Q#QMj|OHv;U%U]GHOH69I�NPO^U a NSG^U]W�QSAÞOHv;U%X^UVL N a UVLRU]WUVA;GYUVI a LRU T 6RUVLRWMG½ç'J	NPL969OYNPOH69¹�UVL T XH698>v'O½X^U]GHJML9O^Gkjw69A÷\]QSA#OHXYNSGHO½O^Q�OHv;U�U]G^OH69I�NPO^U a NSG^U]W÷QSA3OHv;UJMAMX^UVL N a UVLRU]W�UVA;G^UVI a LRU>:

z}�À«�S¬N���~8|b�S�ìz}É8|¦ª
z}À«�S~8¿Q¤ìÓ ¶^(2É��ÿÑ�SÙ��NÀ[(>z}É���À«�N¸�¨�ê��N¸��S¿]�N~8ª{�NÈìê�¸���|�ªyº�ª«�N¿�z}J¬S�È:®�º�z}�
z}É8��Ì×ÆÇÐ½(�z«É8���N~�z}À{�®�Â��Nª<z}|¦ÈË¨Áz«�)|�ª ¬S¸��N¨�À«¸ÕÂ �S~8Éµ¨�~8¬S�N¿Q¤sÓ zsÀ{�N®8À{¯¿8º�¬N�Nªvz«É8��À«|���ÉLz/z}À«�S~8¿|(
~µ¨�ÈÍ�N¸¦Â±¨¿8�N¬SÀ«�W¨Áª«|�~��
�N~�z}À{�®�Â ¶á�À>|�~8¬SÀ«�N¨�ª«|¦~8�

d
¤>Ó z}ª/�S~�z}À«�®LÂ �Nª<z}|�È:¨Áz«�Ñ|¦ªP(�É��ÿÑ�SÙ��NÀs~8�z

¶áº8¸�¸ÕÂ+�øÚ�¨�¬Szyÿ�É8|¦¬·É�¬W¨�~]ê���ª«�S�N~�êR�Sª{z°ê�Â]¿8|¦À«�S¬Szy¬S�È:®8¨�À«|¦ª«�~&Á¶×z«É8�ì�øÚ�¬S�Nª{ª��S~Lz«À«�®�|��Nª
��|¦Ù��N~ êLÂ�ö+�~Lz«�øÎ�Æ©¨ÁÀ«¸�+¨�~8¿�Ì×ÆÇÐ � �/|��+�¯¤ Ä;� ¤:Ò>�´µ~8¿ z}É8�ÍÀ«�N¨�ª«�~ ¶á�Àyz}É8�Í¿8| �B�SÀ«�N~�z
êR�SÉµ¨WÙ¯|¦�À��¶ À{�N¸�¨�êR�S¸��S¿�¨�~�¿�º8~8À{�N¸�¨�êR�S¸��S¿�z«À}¨��{�S¬Sz}�À{Âq(µÿÑ�ì¨�~8¨�¸¦Â	�N�S¿+z«É8���S|����S~�Ù�¨Á¸�º8�Sª�Á¶
z}É8�
¬SFÙ�¨ÁÀ«|÷¨Á~8¬N�
È:¨Áz«À«|ÕÚ:�¶2z«É8�yº8~8À{�N¸�¨�êR�S¸��S¿Ëz}À«¨��{�N¬ z}�À<Âq(8ª{|�~8¬S�
z}É8�Sª«�
ÙÁ¨�¸�º��Nª©¿8� z}�SÀ«ÈÍ|�~8�
z}É8���N~�z}À{�®�Â&�Nª<z}|¦ÈË¨Áz«��Á¶×¨�Ì×ÆÇÐqê�Â�ÈÍ�W¨�~�ª!�¶×Êv¹ ¤2�¯¤Õ¥WÄ8¤Ò)É8�ìª{®R�S¬Sz}À{º8È ¶á�À!ª{�SÙ��SÀ}¨�¸
Ù�¨Á¸�º8�Sª)�¶

d
|�ª)ª{É8Fÿ�~�|¦~¼�>|��Í�¯¤¾�

Ò)É8�
ª«®��N¬ z}À{º8ÈÛê��NÉµ¨WÙ��Nª�¨�ª©®8À{�N¿8|¦¬Sz«�N¿�|�~Ëª«�N¬ z}|¦�~��¯¤¾�¯¤²�%¤ Ó z)|�ªÑª«®8¸¦|¦zÇ|�~�z} zÔÿÑ���À{�º8®8ª©Á¶
d = 2

¨�~8¿
(N−1)d = 4

�S|����S~LÙÁ¨�¸¦º8�Nª/�W¨�¬·ÉQ¤vÒ)É��SÂ�¬S�À«À{�Nª«®��~8¿#z}yz«É8�)¬N�S~Lz«�NÀÔÎ%�¶�Î%È:¨�ª«ª
�N|����N~�Ù��S¬Sz}�À«ª¨�~8¿�z}É8�°À{�N¸÷¨7z}|¦Ù��y�N|¦���N~�Ù��S¬Sz«�À«ª�À«�Sª«®��N¬Sz«|¦Ù��N¸¦Â�¤
� �À2|�~8¬SÀ«�W¨Áª«|�~��

r
(�z}É8�s�N|¦���N~�ÙÁ¨�¸¦º8�Nªo�¶%z}É8�×¬N�S~�z}�NÀÔÎ%�¶�Î%È:¨�ª{ªD�S|����S~�Ù��N¬ z}�À{ª/¿8�S¬NÀ{�W¨�ª{�Ñÿ�É8|¦¸��

z}É8�#�N|¦���N~�ÙÁ¨�¸¦º8�Nª°�¶Ñz}É8�ÍÀ«�S¸÷¨Áz«|¦Ù����S|����S~�Ù��N¬ z}�À{ª |¦~8¬NÀ{�W¨�ª{��¤ËÒ)É�|�ª°ª«º8�����Nª<z}ª°z}Éµ¨Áz°z«É8�:|¦~l�
¬NÀ«�N¨�ª«� |�~��S~�z}À«�®LÂ+|�~Þ�/|��Ë�¯¤Å½:|¦ª¿8º�� z}:¬·Éµ¨�~8���Sª
�¶ z«É8�ì¿8�S~8ª«|ÕzÔÂ�|�~+z«É8� À{�N¸�¨Áz}|ÕÙ��±ª«º8êl�
ª«®µ¨�¬S��¤�ÐÛª{¬W¨Áz{z}�NÀ�®8¸�Áz �¶Çz}É8�:º8~8À«�S¸÷¨�ê��N¸¦�N¿�¨�~8¿�À{�N¸�¨�êR�S¸��S¿�¿8�S~8ª«|ÕzÔÂ�|¦ª ª{É8Fÿ�~�|�~ �/|��
�¯¤¾¼¯¤
Ð©z

r = 0
z}É8��N~8ª{�NÈìê8¸¦�!ÿÑ�º8¸�¿�´8¸�¸ z}É8�!ÿ�É��¸��ª«º8ê8ª{®µ¨�¬S�yÀ}¨�~8��|�~8�±¶áÀ«�È −5
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5
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57698;:�èq: é;?�æ|rM\]U]G^G�æ�A#OHX^QSoM6RU]Gº69A¼OHv;U"ä[r;·SE \kNSG^U"NSG�U]GHOH69I�NPO^U]W a'T C]DªNPA;WyN�Ü[D.@ QPtBOHv;UX^UVL N a UVLRU]WhOHXYN[ZÂU]\VO^QSX T :�¾wv;UºÜ&D.@ X^U]\]QS8>AM69ákU]G,OHv;U�XH698>v'O,OHX^UVA;Wµjµ69O^G¦X^U]GHJML9O^Gsv;Q�m�UV¹�UVXKWMQ½A;QSOUer;NS\VOHL T X^UVoMX^Q#WqJ;\]U,OHv;U�C¶QSA#O^U�ë�DwNPXHLRQ�UVA'OHX^QSo T :

x
¨�~8¿

y
Î%¿8|¦À«�N¬ z}|¦�~Q¤oÓÔ~�z}À«%¿8º8¬S|�~8��¨y´µ~8|¦z«�)¿8|÷¨ÁÈ:� z}�NÀvÁ¶Bz}É���¿�|�ª«óLª×¬Nº�z«ªÇ¨yª{®8É8�NÀ{|�¬N¨�¸ É8�¸��

|�~�z}�z«É8�°¿8�N~8ª{|¦zÔÂJ¨ÁÀ«�º8~�¿�z«É8�°�À«|¦��|�~|(%ª«|¦~8¬N�yzÔÿÑ:¿�|�ª«óLª�FÙ��NÀ{¸÷¨�®�¶á�À)ª{ÈË¨Á¸�¸
~x2 − ~x1

¤
Ò)É8�yÀ«�S¸÷¨�ê��N¸¦|�~8��®8À«%¬N�S¿8º8À{�
¬N�~�ª{z}À«¨�|�~�ªÇz}É8�y¿��N~8ª{|¦zÔÂ�|¦~�¨�~�|¦~Lz«�NÀ{ª«�N¬ z}|¦�~��¶oÉµ¨�¸Õ¶��Ôª{®µ¨�¬N�SªN¤
Ò)É8��¬N¸��N¨�Às¬Nº�zsÙ%|�ª{|�ê8¸¦�)|�~��/|¦� �%¤¾¼yª{z«�NÈÍª×¶áÀ{�È�z«É8��®R�SÀ«Èìº�z}¨Áz}|¦�~

123→ 213
(�ª«|¦~8¬N��z}É�|�ª

¶á�À«¬S�Nª)z}É��±�S~8ª«�SÈìê8¸¦�°z«:¸¦|��
|¦~�z}É8�°Éµ¨Á¸¦¶��Ôª{®µ¨�¬S�
~xT0 (1− P213)~x > 0

Ó z}ª�~8�À«È:¨�¸vÙ��S¬Sz«�À
~xT0 (1 − P213)

¸¦|��Nª°|¦~�z}É��
~x1 − ~x2

ª«º8ê�ª«®µ¨�¬S�Ëÿ�É8|¦¬·É � Ú¯®8¸÷¨Á|�~8ª°z}É8�
¬N¸¦�W¨�À{¸¦Â Ù%|¦ª«|�ê�¸��©¬Sº�zW¤ Ò)É������B�S¬SzÑ�¶�z}É8�)�z«É8�NÀs®��NÀ{Èìº�z·¨7z}|��~8ª ¬W¨Á~:ê���ª«�N�S~Í¶áÀ{�È z«É8�©¶�¨�¬Sz
z}Éµ¨7z�z«É8�yÀ«�S¸÷¨�ê��N¸¦�N¿J¿8�S~8ª«|ÕzÔÂ�ÙÁ¨�~8|�ª{É8�Nª¨�¸¦ª«�|�~�z«É8�°º8®8®��NÀ�À«|¦��É�z�¨�~8¿J¸�FÿÑ�NÀ�¸�� ¶5z�¬N�À{~8�NÀS¤
ý¯|�~�¬N��z«É8����À{Fÿ�|�~8��¿8|�ª{ó ¿8|�¨�ÈÍ�Sz}�SÀ:�øÚ¯¬N¸�º�¿8�Nª�¨ Ù��¸¦º8È:�+|�~âz}É8�&¬S�N~�z}�SÀ��¶yz«É8|�ª:ª«º8êl�
ª«®µ¨Á¬N�2(2z«É8�ìÙÁ¨�À«|�¨�~8¬N�Sª
�¶Ñ¨�Ì×ÆÇÐ ÿ�|�¸�¸D|�~�¬NÀ«�N¨�ª«�ì¶á�À
|�~8¬SÀ«�N¨�ª«|¦~8�

r
(Qÿ�É8|�¬·É�� Ú¯®8¸�¨�|�~�ª!z}É8�

��À«Fÿ�|¦~8�Ë�S|����S~LÙÁ¨�¸¦º8�Nª�|�~�z}É8�±À«�S¸÷¨Áz«|¦Ù���ª{º8ê8ª«®8¨�¬N�Sªy|�~¼�/|��Ë�¯¤¾�¯¤�Ò)É8|�ª¨�¸�ª{Ë�øÚ�®�¸÷¨�|¦~8ª�ÿ�É�Â
z}É8��|¦~8¬NÀ{�W¨�ª{��|�~&�S~�z}À«�®LÂ�¶á�À!|¦~8¬NÀ{�W¨�ª{|�~8��|¦~Lz«�NÀ«¨�¬Sz«|��~&®8¨�À}¨�ÈÍ�Sz«�NÀ{ª
|�~�z«É8�#Ì×ÆÇÐ �¶sz}É8�
º8~8À{�N¸÷¨ÁêR�S¸��N¿Í�N~�ª«�NÈ ê8¸���|�ªsÈÍ�À«��®8À{�~8�º8~�¬N�N¿Ë|�~#z}É8�½7Ú8��³,�øÚ�¨�È:®�¸��)z}Éµ¨Á~Í¶á�Àvz«É8��ÙÁ¨�~LÎ
¿8�NÀÔÎLú�¨�¨�¸�ªv��¨�ªN¤ ÓÔ~#z}É���¸�¨Áz«z«�NÀv¬N¨�ª«�#(Lz«É8��¨Áz«z«À}¨�¬ z}|ÕÙ��

r−6
¬S�~�z}À«|¦ê8º�z«|��~�z}yz«É8��®R�z«�N~�z}|�¨�¸

�N~8�SÀ«��ÂJ¿��N¬NÀ{�W¨�ª{�Nª�z}É8�yÙÁ¨�À{|÷¨�~8¬S�
¶á�À)|�~�¬NÀ«�N¨�ª«|¦~8�
λ
¤

Ò)É8�]ª«|Õz}ºµ¨7z}|��~�|�ªË¿8|~�R�NÀ{�N~�z�¶á�ÀË¨ ÌÑÆÇÐþÁ¶yz}É8�&À{�N¸�¨�êR�S¸��S¿dª{Â%ª{z«�NÈ�¤�Ò)É��]À«�N¸�¨�ê��N¸�|¦~8�
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57698;:	èq:Úèq?wÜ&D.@ùUV698�UVA#¹SNPL9J;U]GsQPt�OHv;U,JMAMX^UVL N a UVLRU]W�OHXYN[ZHU]\VO^QSX T tàQSXB¹>NPX T 69AM8
d

:n@±GnoMX^U]Wq6R\VO^U]W¶69AGYU]\VOH6RQSAg·q:Úèq:Ú·�OHv;Us·�UV698�UVA'¹>NPL9J;U]Gn\]QSXHX^U]GHouQSA;Wq69AM8�O^QKOHv;UB\]UVA#O^UVX)ë#QPt ë'I�NSGYGnUV698�UVA'¹�U]\VO^QSX^G�\kNPA a U\VLRUkNPXHL T Wq6RGHOH69AM8>JM6RG^v;U]WgtbX^QSI OHv;U�éiUV698�UVA'¹>NPL9J;U]G±QPt|OHv;U,X^UVL NPOH69¹�U�UV698�UVA#¹�U]\VO^QSX^Gk:

¨�¸����À«|¦z«É8È À«�N¿�º8¬N�SªÇz}É8��®8Éµ¨Áª«�!ª{®µ¨�¬S�z}�¨�ª{¸�|¦¬N��¿8�N¸¦|�ÈÍ|¦z«�N¿�ê�ÂÍ®8¸÷¨�~��NªsÀ«º8~�~8|�~8�±z}É8À{�º8��É
z}É8��¬N�S~�z}�NÀ×�¶�z}É8��À«�S¸÷¨Áz«|¦Ù��)ª«º8ê8ª{®µ¨�¬S�NªN¤sÒ)É8� � É��¸��SªY!Ç®8À«%¿8º8¬S�N¿Ëê�Â�z«É8��À«�N®�º8¸�ª{|��~#�¶�z}É8�
¿8|�ª{ó%ªyÿ�|¦¸�¸/z«É8�NÀ{�S¶á�À{�:ê��#¸�%¬W¨Áz«�N¿ ¨Ázyz}É��:ê��º8~8¿8¨�À{Â]Á¶Çz}É��Íª{¸�|¦¬N��¤#Ðëw°¨�º8ª«ª°´8z±�¶×z}É8�
À«�N¸�¨�ê��N¸��S¿�¿8�N~�ª«|¦zÔÂJ|¦ª)ª«É8Fÿ�~+|�~��/|¦�8¤s�¯¤¾Ã¯¤
Ó zs|�ªs¨�®8®8¨�À«�S~Lzs¶áÀ{�È�z«É8|�ªv´µ��º�À«�©z}É8¨ÁzS(L|�~ìz«É8��¬W¨�ª{�Á¶Q¨yÀ«�S¸÷¨�ê��N¸¦�N¿��S~8ª«�SÈìê8¸��#(%¨°��À«Fÿ�|�~8�
É8�¸��&ÿ�|¦¸�¸
À{�N¿8º�¬N��z«É8��Ù�¨ÁÀ«|÷¨Á~8¬N�Sª�Á¶ z}É���Ì×ÆÇÐ |�~*z}É8� À«�S¸÷¨Áz«|¦Ù��]ª«º8ê8ª{®µ¨�¬S��¤»Ò)É8|¦ª�Á¶
¬N�º8À{ª«��¿8¯�Sª!~8Áz!ÈÍ�W¨�~�z}Éµ¨7zz«É8�ìÌ×ÆÇÐ �S|����S~�Ù�¨Á¸�º8�Sª�ÿ�|¦¸�¸o¨�¸¦ª«Ë¿��N¬NÀ{�W¨�ª{� ¶á�À¨ËÌ×ÆÇÐ Á¶
z}É8��¬S�È:®�¸��Sz«�ì¬N�~�´µ��º8À«¨Áz}|¦�~µ¨�¸Dª«®8¨�¬N�#(Dª{|�~8¬S��|�~&z«É8|�ª
¬N¨�ª«��z«É8��À«�S¸÷¨Áz«|¦Ù�� ª«º8ê8ª{®µ¨�¬S�Nª�¨�À«�
~8�z±~8�N¬S�Nª{ª}¨�À{|�¸¦Â��S|����S~8ª«®8¨�¬N�Sª��¶Ñz}É8�:Ì×ÆÇÐÛ¨Á~LÂ�ÈÍ�À{��¤¶�FÿÇ� Ù��SÀ ª«|¦~8¬N�:¨J¿8�N¬SÀ«�W¨Áª«�ËÁ¶
z}É8�ì�S~�z}À«�®LÂ�|�ª|�~�¶�¨�¬ zy�ê8ª{�NÀ<Ù��N¿]¶á�Àz}É8�ìÀ{�N¸�¨�êR�S¸��S¿+z}À«¨��{�N¬ z}�À<Â]¨�~�¿]|�~8¬SÀ«�W¨Áª«|�~��

r
(BÿÇ�

ª«º8�����Nª{z�z«Éµ¨Áz�|¦z�¬N¨�~�êR�±¨Áz{z}À«|¦ê8º�z«�N¿�z}#z}É�|�ª)�[�R�N¬ zW¤
Ó zì|�ª ¨�¸�ª{&¨�®�®µ¨�À«�S~�zì¶áÀ«�È �/|¦�&�%¤²Ã�ÿ�É�Â�z}É8�:À«�Nª{º8¸¦z�ÿ�|�¸¦¸×¿��SÙ%|÷¨Áz«�:¶áÀ{�Èþz}É8���øÚ�¨�¬Sz�À{���
ª«º8¸ÕzW¤&Ò)É8�ËÀ«�N¸�¨�ê��N¸��S¿��S~8ª«�SÈìê8¸��Ë|�ª ~��z#¨Ázì¨�¸�¸s¿8|¦ª{z}À{|�ê8º¯z}�N¿�¨�¬N¬S�À«¿8|¦~8��z«]¨]w°¨�º8ª«ª{|÷¨�~
¿8|�ª<z}À«|¦ê8º�z«|��~Q¤

½�õ
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57698;:#èq:Úýq?|E¦UVA;GH69OH6RU]G£69AiOHv;U
~x2−~x1

GHJ a GHo	NS\]Unt�QSX�OHv;U
d = 2.0

\kNSGYU>:$D.QSAq»;8>JMXYNPOH6RQSA;G.A;UkNPX�OHv;UQSXH698>69AxNPX^U,tàQSX a 6RWMWMUVA�jlG^69A;\]U�OHv;U�Wq6RG^c2GBm�QSJMLRWFQk¹�UVXHL NPoFv;UVX^U>:n¾wv;U�X^UVL N a UVL969AM8%\]QSA;GHOHXYNP69A;GsOHv;UWMUVA;GH69O T 69A%NPA�69A#O^UVX^G^U]\VOH6RQSAgQPtuv	NPLÀtbpÖGHo	NS\]U]Gkj'mnv;Q>G^U a QSX^WMUVX�6RG£¹#6RGH6 a LRU�v;UVX^U±NSG�OHv;U�L969A;U�XHJMAMAM69AM8t�X^QSIªOHv;UsLRQ�m�UVXnLRUet�O�O^QKOHv;UsJMoMo0UVX.XH698>v'OnmnvM6R\YvgWMUVL969Iº69O^GwOHv;U±X^UVL N a UVLRU]W½UVA;GYUVI a LRU>:£UVA;GYUVI a LRU>:
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57698;:�èq: ÿ2?7þ�NPJ;G^G7»;O�QPtlOHv;U.X^UVL N a UVLRU]WºUVA;GYUVI a LRU>:�¾wv;U.XH69AM8�G£NPX^U.OHv;Un\]QSA'O^QSJMX^G�QPt0OHv;U�þ,NPJ;G^GH6 NPAWMUVA;GH69O T Wq6RGHOHXH6 a JMOH6RQSA¶U]GHOH69I�NPO^U]W a'T OHv;U,ç'J	NSG^6ÀpÏv	NPXHIiQSAM6R\KNPoMoMX^Q]rq69I�NPOH6RQSA�:
½�é
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57698;:uèq:10q?�æ�A#OHX^QSo T U]G^OH69I�NPO^U�tàQSXsOHv;UKG^QSL9¹>NPOH6RQSAhG^UVXH6RU]Gk:s¾wv;U�X^UVL N a UVL969AM8gmn69OHv¶X^U]GHouU]\VOsO^Q�OHv;UG^OYNPXHOH69AM8ÞGHOHXHJ;\VOHJMX^UhQSXgOHv;U¶L NPOHOH6R\]UFG^OHXHJ;\VOHJMX^U¶LRUkNSWMG½O^QyN¼GH698>AM6À»	\kNPA'Og69IºoMX^Qk¹�UVIiUVA#O�QPt�OHv;UUVA#OHX^QSo T U]GHOH69I�NPO^U>:
�,¥Ö× ^ «�Å_J/pw¯j^«sr�k2r±%iu«n¬!j<k�¨
Ò)É8���N~�z}À{�®�Â �¶¨&®8º8À{�Jª«�¸ÕÙ��N~�zP(sÿ�É�|�¬·É ÿÇ�J¿8|¦ª«¬Sº8ª«ª{�N¿â|�~�z}É���®8À«� Ù¯|¦�º8ª�ª{�N¬Sz«|��~�ªP(s|�ª
¨�~�|¦È:®��À{z}¨�~�z�êR�S~8¬·É8È:¨�À«óJ¶á�À��º8ÀÈ:� z}É8%¿Q¤)Ó z!|�ª�É8FÿÇ� Ù��NÀ°¨ÍÀ}¨Áz«É8�NÀ�º8~8À{�W¨�¸¦|�ª<z}|�¬yz«�Nª{z
ª{Â%ª{z«�NÈ�¤,ÓÔ~d®�À}¨�¬ z}|�¬S���~��+|¦ªËÈÍ�À«�J�¶5z«�N~d|¦~Lz«�NÀ{�Nª{z«�N¿$|¦~âz«É8��ª{�¸¦ÙÁ¨Áz«|��~â�N~�z}À{�®8|¦�NªËÁ¶
®µ¨�À{z«|�¬S¸��Nª©ÿ�|Õz}É8|¦~�z}É8�°ª«�¸¦Ù��S~�z
¨�~�¿+~8Áz�|�~Jz}É8�°�N~�z«À«�®�ÂJ¬·Éµ¨�~����±¶á�À)¿8|~�R�NÀ{�N~�z�Ù�¨Á¸�º8�Sª�Á¶
z}É8�:ª«�¸ÕÙ��N~�z�|¦~�z}�NÀ«¨�¬Sz«|��~B¤ �2�Sz º8ª z}É��NÀ«� ¶á�À«��¨�~µ¨�¸ÕÂl�S�:z«É8���N~�z«À«�®�Â��Sª{z«|�È:¨Áz}�Sª�¶á�À°z}É8�
ª«|�È º8¸÷¨Áz«|��~#ª{�NÀ«|¦�Nª)|¦~:ÿ�É8|¦¬·É�ÿÇ�y|¦~8ª«�SÀ{z}�S¿�z}É8�
¨�¿8¿8|Õz}|��~µ¨�¸ ®µ¨�À<z}|�¬S¸��¨ÁzÇz«É8�
¬S�N~�z}�SÀ)�¶2z}É8�
ª«|�È º8¸÷¨Áz«|��~:êRWÚR¤sÒ)É8|�ª�ª{�NÀ«|¦�Nª)ÿ�|�¸¦¸Bê��°À«�S¶á�SÀ«À{�N¿Jz}Í¨�ª � ª{�¸¦ÙÁ¨Áz«|��~�ª{�NÀ{|��Nª^!°ê��N¸�Fÿ°¤
Ð!ª°|�~]z}É��:¬N¨�ª«�Í�¶×z}É8�#®8º8À{�ÍÙÁ¨�~LÎ%¿8�NÀÔÎLú�¨�¨�¸�ªy��¨�ªP(2z}É��:�S~Lz«À«�®�Â]ÿÇ¨�ª±¬N�ÈÍ®8º�z«�N¿ êLÂ ¨
ÌÑÆÇÐ»Á¶�z«É8��º8~8À{�N¸�¨�êR�S¸��S¿`¨�ª ÿÑ�N¸�¸©¨�ª z}É���À«�N¸�¨�ê��N¸��S¿�z}À«¨��{�N¬ z}�À{|��NªS¤�Ò)É��NÀ«ÈÍ%¿�Â%~µ¨�ÈÍ|�¬
ÓÔ~Lz«�N��À«¨Áz}|¦�~�ÿÇ¨�ªyº8ª{�N¿ ¨�ªy¨�À{�S¶á�NÀ{�N~8¬S��¤±Ò)É8��À«�Sª«º8¸Õz}ª
Á¶×z«É8�Nª{��ª«|¦Èìº8¸÷¨7z}|��~8ª�¨�À«�ìª{É8Fÿ�~
|�~��/|¦�8¤s�¯¤Åõ�¤
� �À�É8|���É ÙÁ¨�¸¦º8�Nª[(Ñz}É��+¨7z«z}À«¨�¬Sz«|¦Ù��

r−6 ¬N�~�z}À{|�ê8º¯z}|��~�z}�z}É8�J|�~�z«�NÀ}¨Á¬Sz}|¦�~`êR�S¬N�ÈÍ�Nª#ª{
ª{z}À{�~8��z}Éµ¨7z>z«É8�Ñ®8¨�À{z«|�¬N¸¦�Nª2ê��N��|¦~±z«!¬S�~8¿8�S~8ª«�Ç¨�À«�º�~8¿±z«É8�Ç¬S�N~�z}À«¨�¸L®µ¨�À<z}|�¬S¸��Á¤DÒ)É�|�ªD�[�R�N¬Sz
|�ª©� Ù��N~+À«�S¬N���~�|b�N�S¿JêLÂ�¨�ÌÑÆÇÐØ�¶Dz}É��yº8~8À«�S¸÷¨�ê��N¸¦�N¿�z«À}¨��{�S¬Sz}�À{Âq(µª{|�~8¬S�y|¦z)¿��N¬NÀ{�W¨�ª{�Nª�z}É8�
Ù�¨ÁÀ«|÷¨Á~8¬N�y�¶Dz}É��±®8¨�À{z«|�¬N¸¦�NªS¤
ÓÔ~:z}É���¬N¨�ª«��¶2¨yÿÑ�W¨�óL¸¦Â#|¦~�z}�NÀ«¨�¬Sz«|�~8�±¬N�S~�z}À}¨Á¸�®8¨�À{z«|�¬N¸¦� � λ ª«È:¨�¸¦¸à��(Áz}É8��ª«|Õz}ºµ¨7z}|��~Í|¦ªsª«|�È"�
|�¸÷¨ÁÀÑz}�z«É8�°®8º8À«�
ÙÁ¨�~LÎ%¿8�NÀÔÎLú�¨�¨�¸�ª)��¨�ªP� ú*É8�S~�z«É8�°|�~�z}�SÀ}¨�¬ z}|¦�~��¶Dz}É8�°¬N�S~�z}À}¨Á¸2®µ¨�À{z«|�¬S¸��
|�ª±ª{ÿ�|¦z«¬·É8�N¿ �~ � z«É8�Ëª<z}�N®�¶áÀ{�È

λ = 0
z}
λ = 0.1

�k(/|¦z«ª�À{�N®8º�¸�ª«|ÕÙ��:¬N�À{��®8º8ª{É8�Nª z«É8�
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Ð!ª×|�~�z}É���®�À«�SÙ%|¦�º8ª×ª{z}º�¿�Âq(Lz}É8���S~Lz«À«�®�ÂÍ�Nª<z}|¦ÈË¨Áz«�)|�ªvª{|���~8|Õ´µ¬W¨Á~Lz«¸¦Â �N~8Éµ¨Á~8¬N�S¿Ëÿ�É8�N~Íz}É8�
À«�S¸÷¨�ê��N¸¦�N¿�z«À}¨��{�S¬Sz«�À{Â�|�ª±º8ª«�S¿â¨�ª êµ¨Áª«|�ª±¶á�À°z}É8��Ì×ÆÇÐ�¤/ÓÔ~�z«É8|�ª�¬W¨�ª{�2(/z«É8��¿8�S¬NÀ«�N¨�ª«��Á¶
z}É8� �N~�z}À{�®�Â+¶á�À|�~8¬SÀ«�N¨�ª«|¦~8�

λ
|�ª®8À«�S¿8|�¬ z}�N¿]À{|���É�zN¤Ò)É8��z}À}¨Á~8ª«|Õz}|��~+z}:z}É8��¬N�~8¿��N~8ª{�N¿

À«�S��|�ÈÍ�2(�ÿ�É8|�¬·É]ª{�Sz}ª°|¦~]¨Áz
λ ≈ 102

|¦ª
À«�S¬N���~8|b�S�N¿]ÈÍ�À«�ì®�À«�N¬S|�ª{�N¸¦Â�z}É8¨�~]ê�Â�z}É���Ì×ÆÇÐ
�¶Dz}É8�°º8~8À{�N¸�¨�êR�S¸��S¿Jz«À}¨��{�S¬Sz«�À{Â�¤
Ò)É8���N~�z}À{�®�Â��Nª<z}|¦ÈË¨Áz«�Ç�¶ z«É8�)À«�S¸÷¨�ê��N¸¦�N¿ìz}À«¨��{�N¬ z}�À{|��Sª ¿8�N®��N~�¿8ªs�~�z}É8�)À{�S¶á�NÀ{�N~8¬S��ª{z}À{º8¬��
z}º8À{�+º�ª«�N¿B¤*ú*É��N~ z«É8��¸�¨Áz«z«|�¬S���À�z}É8�J´µÀ«ª<zË¶áÀ«¨�È:�J|¦ªÍº�ª«�N¿7(©z}É8���N~�z}À{�®�Ââ¬·Éµ¨�~8���+|�ª
®8À«�S¿8|�¬ z}�S¿�¹Lºµ¨�¸¦|¦z·¨7z}|¦Ù��N¸ÕÂ�À{|���É�zS(Ñº8ª«|¦~8��z}É8�J¸÷¨Áª{z#¶áÀ}¨�ÈÍ�J¨�ªÍÀ«� ¶á�NÀ«�S~8¬N��¶á�Àìz}É��+À{�N¸÷¨ÁêR�S¸ �
|�~8�:|�~�z}À{¯¿�º8¬N�Sª
¨Ëª{|���~8|Õ´µ¬W¨Á~Lz!¨�ÈÍ�º8~�z�¶s�NÀ{À«�ÀS¤Ò)É8|¦ªP(RÉ8FÿÇ� Ù��NÀ[(2¿8%�Nª!~��z
¬S�È:��¨�ª!¨
ª«º8À{®8À«|¦ª«�°ª«|¦~8¬N�yz«É8|�ª)ª<z}À«º�¬Sz}º�À«�°Ù�¨ÁÀ«|��Sª)ª«|¦��~8|¦´8¬W¨�~�z}¸ÕÂ�ê��SzÔÿÑ�N�S~+z}É��±ª{|�Èìº�¸÷¨Áz«|��~8ªS¤

�¦¥Öñ fJr±%iu«n¬¦Ø «�Äcb pw¯kQi
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zÔÿ�|�¬S�2( �~�¬N��|¦~8¬N¸¦º8¿8|�~��+¨Á¸�¸×¨Áz}�È:ª±�¶©z«É8�Ëê�WÚ ¨�~�¿��~8¬S��|�~�¬N¸�º�¿8|�~8���~8¸ÕÂ]z}É8�:WÚ¯Â%���S~
¨Áz}�È:ªS¤vÒ)É8�°À«�Nª{º8¸¦z«|�~8�#�S|����S~LÙÁ¨�¸¦º8�yª«®��N¬ z}À«¨:¨�À{�yª«É8Fÿ�~+|�~��/|��Í�%¤¾é0�
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~8�N¨�À«¸ÕÂ�¬S�È:®�¸��Sz«�N¸ÕÂ
ÿ�É8�N~�z}É��yFÚ%Â%���S~8ªP� È:¨�ª«ª{�Nª�¨�À{�
À«�Sª«¬W¨Á¸��N¿�z«#z«É8�yÈ:¨�ª«ª©Á¶/¨ ¶áº�¸�¸RÿÇ¨Áz«�NÀ)ÈÍ�¸��S¬Nº8¸¦��¤ Ò)É8�
¨�~µ¨�¸ÕÂ¯ª{|�ªÀ«�Nª<z}À{|�¬Sz«�N¿&z«Ëz}É8� FÚ%Â%���S~8ªy¬W¨�~]�~8¸¦Â�À«� Ù��N¨�¸/z}É�� z}À«¨�~8ª«¸�¨Áz}|¦�~µ¨�¸o¬S�~�z}À«|¦ê8º�z«|��~
z}yz}É8��ÈÍ�Ù��NÈÍ�N~�z×�¶Bz«É8�)ÿ©¨7z}�NÀ×ÈÍ�¸��S¬Nº8¸¦�NªN¤>Ò)É8��¶�¨�¬Szsz}É8¨Ázvz}É8|¦ª×¨�~µ¨�¸ÕÂ¯ª{|�ª Â%|��S¸�¿8ªs~8�N¨�À«¸ÕÂ
z}É8��ª«¨�È:�ìÙÁ¨�¸¦º8�Nªy¶á�Àz}É8��´µÀ{ª{z°´µÀ«ª<z±¼�Ä�õ��N|¦���N~�ÙÁ¨�¸¦º8�Nªyª{º8�����Sª{z}ª°z}É8¨Ázyz}É8�#Ì×ÆÇÐ �¶×z}É8�
À«�N¸�¨�ê��N¸��S¿�z«À}¨��{�S¬Sz}�À{Â ¨�¸�ª{!¿8|¦ª{z}|¦~8��º8|¦ª«É8�Sª/ê��SzÔÿÑ�N�S~#z«À}¨�~�ª«¸÷¨7z}|��~µ¨�¸L¨�~8¿ À«�z}¨Áz}|¦�~µ¨�¸LÈÍ�Ù����
È:�S~Lzy¨�~8¿�z«Éµ¨Ázy|Õz}ª´8À«ª{z±¼ÁÄ�õË�N|¦���N~�ÙÁ¨�¸¦º8�Nª
ê��N¸¦�~8�Íz}�z}É�� z}À«¨�~8ª«¸�¨Áz}|¦�~µ¨�¸oÈÍFÙ��NÈÍ�N~�zyÁ¶
z}É8�yÿ�É8�¸¦�
ÿ©¨7z}�NÀ�ÈÍ�¸��S¬Nº8¸¦�NªS¤
Ò)É8�&|�~¯¶á�À«È:¨Áz}|¦�~â¨�ê��º�zËz«É8��À{�z·¨7z}|��~µ¨�¸�È:Áz}|��~ �¶yz«É8�&ÈÍ�¸��S¬Nº8¸¦�NªÍÈìº8ª<zËz}É��NÀ«� ¶á�À«�
êR���S~8¬N%¿8�N¿ |�~&z«É8�J¥���é�¼�¨Á¿8¿8|¦z«|��~8¨�¸>�S|����S~�Ù�¨Á¸�º8�Sªy®8À«FÙ%|�¿8�S¿�êLÂ�z}É8�#¬NFÙÁ¨�À{|÷¨�~8¬S��¨�~µ¨Á¸ �
Â¯ª{|�ªy�¶×z}É��ì¶áº8¸�¸/ÿÇ¨Áz«�NÀyÈÍ�¸��S¬Nº8¸¦�NªN¤�Ò)É8�Nª{�:�S|����S~�Ù�¨Á¸�º8�Sªyª«É8Fÿqº�®�¨�ª
z«É8�ìz·¨Á|�¸/Á¶Çª{ÈË¨�¸¦¸
�N|����N~�Ù��S¬Sz}�À«ª�ÿ�|¦z}ÉJ|¦~8¿8� Ú

> 648
|�~�z}É8� � ¶áº8¸�¸�ÿ©¨Áz«�NÀ^!°¬Nº8À<Ù��±�¶.�/|��8¤v�¯¤¾é¯¤

Ð,¬S¸��ª{�øÎ%º8®:®8¸�ÁzÑÁ¶Bz}É��Nª«��N|¦���N~�ÙÁ¨�¸�º��Nª×|�ªsª«É8Fÿ�~�|¦~F�/|¦�8¤v�%¤¦¥F�¯¤wzÁz}��z}Éµ¨ÁzÑ|�~#z}É�|�ª×®8¸��zP(
z}É8�°¬NFÙÁ¨�À{|÷¨�~8¬S�yÈË¨7z}À«|ÏÚ�|¦ª)ê8º8|¦¸¦z)º8ª{|�~8�#~8�~+È:¨�ª«ªÔÎLÿÑ�N|���É8�N¿�¬N%�À«¿�|�~µ¨Áz«�NªS¤
Ò)É8�Nª{�
�N|¦���N~�ÙÁ¨�¸�º��Nªs¬W¨�~�¨���¨�|¦~Íê��!ª{®8¸�|Õzs|�~�z}±zÔÿÇ ��À«�º�®8ªN¤ Ò)É��!�N|¦���N~�ÙÁ¨�¸¦º8�Nª×�¶Qz«É8��´8À«ª{z
��À«�º�®ËÉµ¨WÙ���ÙÁ¨�¸�º8�SªÑÁ¶o¨�®8®8À{WÚ�|¦ÈË¨7z}�N¸ÕÂ

0.004
~8È

2
¤ Ò)É8�ª«�N¬S�~8¿���À{�º8®Íz·¨�óÁ�NªÑÙÁ¨�¸¦º8�Nª×|�~

z}É8�
0.001

~8È
2
À}¨�~8����¤©Ò)É8�±ÈÍ�Ù��NÈÍ�N~�z}ª��|¦Ù%|¦~8�#À«|�ª{�±z«Íz«É8�Nª{��ÙÁ¨�¸¦º8�Nª�Èìº8ª<z�z«ÉLº8ª!¸¦|��y|�~
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z}É8�#À«¨�~8���#�¶
.06

~8È�¨�~8¿
.03

~8È�À{�Nª{®R�S¬Sz}|ÕÙ��S¸¦Â�¤#ÓÔ~�z}À«¨�ÈÍ�¸��S¬Nº8¸�¨�À
¿8|¦ª{z·¨Á~8¬N�Sª±¸¦|��ì|¦~]z}É8|¦ª
À}¨�~����yÿ�É8|�¬·É�ª«º8�����Nª<z}ª�z}Éµ¨Áz)z«É8�°¸÷¨�ª<z°¥���é�¼ì�S|����S~�Ù��N¬ z}�À{ª!¨ÁÀ«�°|�~�z}À«¨�ÈÍ�¸��S¬Nº8¸�¨�À×Ù��N¬ z}�À{ªN¤
Ò)É8|�ª ¬N�~8¬S¸�º8ª{|��~�|�ª�¬N�~�´8À«ÈÍ�N¿ ê�Â�¨Á~ ¨�~µ¨�¸ÕÂ%ª«|�ª��¶)z}É��Ë�N|¦���N~�Ù��N¬Sz«�À«ª[(vÿ�É8|�¬·É�ÿÑ��®R�SÀY�
¶á�À«ÈÍ�N¿°¨ÁªQ¶á�¸�¸¦�ÿ�ªS¤2ú��v¿8|ÕÙ%|�¿8�S¿y�W¨�¬·É±�N|¦���N~�Ù��S¬Sz«�À

~x
|�~�z}©z«É8�s½qz ½�³�Î�Ù��N¬ z}�À{ª

~xiO, ~x
i
H1, ~x

i
H2

(
i ∈ 1, . . . N

�¶Rz}É8��WÚ%Â¯���N~�¨Á~8¿:É�Â%¿8À{����N~Ë¬N%�À«¿8|¦~µ¨Áz«�NªN¤>Ò)É8�é�³�ÎLÙ��N¬Sz«�À×�¶Q�~���ÿÇ¨Áz}�SÀ
È:�¸��N¬Sº8¸��sÿ�|�¸¦¸¯ê��©¿8�S~8�z«�N¿�ê�Â

~xi
¤Dú��Ç¬N�ÈÍ®8º�z«�N¿ìz}É��©®8À«��{�N¬Sz«|��~�Á¶µz}É8�Ç¶áº�¸�¸Lÿ©¨Áz«�NÀ/Ù��N¬k�

z}�À{ª
~xi

�~�z}°z}É��ª{º8ê8ª«®8¨�¬N�Sª©�¶Q¬S�N~�z}�SÀlÎ%Á¶�Î%ÈË¨Áª«ª×È:�z«|��~Í¨�~�¿:|¦~Lz«À}¨�ÈÍ�¸¦�N¬Nº�¸÷¨�À ÈÍ�z«|��~8ªS¤
Ò)É8�N|¦À�~8�À«ÈÍª�¨WÙ��SÀ}¨����S¿+FÙ��NÀ¨�¸�¸QÈÍ�¸¦�N¬Nº�¸��Nª©¨�À«�y��|ÕÙ��S~+ê�Â

〈 ¬N�È 〉 =
1

N

N∑

i=1

∥∥∥ 1√
3
(~xiO + ~xiH1 + ~xiH2)

∥∥∥
‖~xi‖

〈 �É 〉 =
1

N

N∑

i=1

∥∥∥ 1√
2
(~xiH1 − ~xiO)

∥∥∥
‖~xi‖

〈 É8É 〉 =
1

N

N∑

i=1

∥∥∥ 1√
2
(~xiH2 − ~xiH1)

∥∥∥
‖~xi‖

ú��×ÿ�|�¸¦¸%º�ª«�Ñz«É8�Nª{�©¹Lºµ¨�~�z}|Õz}|¦�Nª>¨�ª ¨�È:�N¨�ª«º8À{�Ç�¶8É8Fÿ È º8¬·É�¨�~��N|����N~�Ù��S¬Sz}�À |�ªD¬N�ÈÍ®��ª«�S¿
�¶�z}À}¨Á~8ª«¸�¨Áz}|¦�~µ¨�¸¯È:�z«|��~ì¨�~8¿#|�~�z}À«¨�ÈÍ�¸��S¬Nº8¸�¨�À/ÈÍ�z}|¦�~8ªS¤>Ò)É8�)ÙÁ¨�¸¦º8�Nªs�¶�z}É8�Sª«��~Lº8Èìê��NÀ{ª
¶á�À�¨�¸¦¸Q�N|¦���N~�Ù��S¬Sz«�À«ª�|�ª)ª{É8Fÿ�~�|�~��>|��Í�¯¤Õ¥�¥
ÆÇ¸��N¨�À«¸ÕÂq(Áz«É8�Ç´µÀ{ª{z ¼�Ä�õ!�S|����S~LÙ��N¬ z}�À{ªv¨�À«�Ç¬N�ÈÍ®R�ª«�N¿ ~8�W¨�À{¸¦Â±� Ú¯¬S¸�º8ª{|¦Ù��S¸¦Â��¶8z«À}¨�~8ª{¸÷¨Áz«|��~8¨�¸
¬N�~�z«À«|�ê�º�z}|¦�~8ªP(©ÿ�É��NÀ«�N¨�ªËz«É8��¸�¨�ª{z+¥���é�¼�Ù��S¬Sz}�À«ª�¬S�~8ª«|¦ª{zË�¶°|�~�z}À«¨�ÈÍ�¸��S¬Nº8¸�¨�ÀìÙ��S¬Sz}�À«ªN¤
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S = −kB
∫

Γ
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Γ
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∫
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S = kB
1

T

∫
dt

[
lnZ +

1

2
~xTC−1~x

]
= kB lnZ +

kB
2T

∑

ij

∫
dt(C−1)ij xixj =

= kB lnZ +
k

2

z«À
(C−1C) = kB

[
3N

2
+ lnZ

]
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r′2
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r′1 = r2

1/2
¨Á~8¿

r′2 = r2
2/2

¤ ÓÔ~�z}É8|¦ªÇÿÇ¨FÂ2(8z}É8�
Ù��¸�º�È:�
�S¸��SÈ:�S~Lz
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dr′1dφ1 = r1dr1dφ1
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PCA in stretched polar relative coordinates 
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¿�Â%~µ¨�ÈÍ|�¬×|�~�z}�S��À}¨Áz«|��~°|¦ª/¬W¨Á®µ¨�ê8¸¦�Ñ�¶8¬N�ÈÍ®8º�z«|�~8��ª«È:¨�¸�¸L�S~Lz«À«�®�Â�¿8|~�R�NÀ{�N~8¬S�Nª[(�ÿÇ�Çª«º8�����Nª{z
z}!º�ª«�Ñz«É8�¦�°¨�À{®8¸�º�ª>�À ý¯¬·É8¸¦|¦z«z«�NÀo�Nª<z}|¦ÈË¨Áz«|��~±�¶8z«É8�Ç�S~�z}À«�®LÂ��¶8z«É8�ÇÀ{�N¸�¨�êR�S¸��S¿��S~8ª«�SÈìê8¸��
¨�ª
¨�êµ¨Áª«|�ª!¨�~8¿]¬S�È:®�º�z}��|¦z}ª¿8�SÙ%|�¨Áz}|¦�~+¶áÀ{�È»z}É8�ìÀ{�W¨�¸>�N~�z}À{�®�Â&ê�Â+È:�N¨�~8ª
�¶sÒ)Ó � ª«�N��/|��8¤/¼�¤¾��¶á�À©¨�~�|¦¸�¸¦º8ª{z«À}¨Áz«|��~��ø¤oÒ)É8|�ª©ÈÍ�Sz«É8%¿Ëÿ©¨Áª)�À«|¦��|�~µ¨Á¸�¸¦Â ®8À«�®R�ª{�N¿�¶á�À×z}É8�
¬N¨�ª«�yÁ¶
¶áÀ«�N�°�S~8�NÀ{��Â�ê�Â+ý%z}%�Nª{ª«�S¸o¨�~8¿¼zFÿ©¨Áó{$ Ä8¥[& ¤
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H �VÒ =
N∑

i=1

~p2
i

2mi
−kBT (~x−~x0)T C−1 (~x−~x0)

¨�~8¿
H ÐqpeÐ =

N∑

i=1

~p2
i

2mi
−V (~x)
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d/dλ
êR�#¿8�S~8�z«�N¿�ê�Â ¨J®8À«|¦È:�

� x′ = dx/dλ
� ¤�Ð¸�ª«0( ÿÇ��ÿ�|¦¸�¸s¶á�À�z«É8��ª}¨�óÁ���¶�ª«|¦È:®8¸¦|�¬S|¦zÔÂ]�ÈÍ|¦z�z}É8�Ë®R�ª{|¦z«|��~ ¨ÁÀ«��ºl�

È:�S~Lz«ª
�¶×¨�¸¦¸.�¨�ÈÍ|�¸¦z«�~8|�¨�~8ª�|�~�z«É8|�ªª«�S¬Sz}|¦�~Q¤i�2�Sz!¶áº8À{z«É8�NÀ{È:�À{�
H = HS + HI + HPêR��z}É��¶�¨�ÈÍ|�¸¦z«�~8|�¨�~��¶×z}É��Íª<Â%ª{z}�SÈ ¬N�ÈÍ®R�ª«�N¿ �¶Ñª«�¸ÕÙ��S~LzP(>|¦~�z}�NÀ«¨�¬Sz«|��~�¨Á~8¿�®�À«�z«�N|�~

¬N�~�z}À{|�ê8º¯z}|��~8ª)À«�Sª«®��N¬Sz«|¦Ù��N¸¦Â�¤
���S¬W¨�¸¦¸�|�~�� z}É8�°¿8� ´µ~8|Õz}|��~��¯¤²�

ρp =
e−βHp

∫
e−βHIe−βHsdxs
Z

�Á�



harmonic oscillator

TI

multivariate Gaussian realistic density

MD force field

57698;:lýq:Ú·q?�¾wv;U�UVA#OHX^QSo T U]GHOH69I�NPOH6RQSAF\kNPA a U,X^Ue»;A;U]W a#T NºOHv;UVXHIiQ2W T A	NPIº6R\�69A'O^UV8>XYNPOH6RQSA�:�¾wv;UG T GHO^UVI 6RGi»;X^GHOiGH69I�JML NPO^U]W÷69A3NhIKJML9OH69¹SNPXH6 NPO^U¶v	NPXHIiQSAM6R\�Q>G^\V69L9L NPO^QSXk:÷¾wv;UVA3OHv;UgtàQSX^\]U�ë�»	UVLRWo	NPXYNPIiUVO^UVX^G�6RG78>XYNSWqJ	NPL9L T GHmn69O^\^v;U]W�QSA�:|¾wv;U�UVA#OHX^QSo T \^v	NPAM8�UnWqJMXH69AM8¦OHv;UwGHmn69O^\^v�6RG|\]QSIºoMJMO^U]W
a#T ¾.#e:

�¯¥



�~8��ÈË¨WÂ�ª{º8ÈÍÈË¨�À{|b�S�©z}É8��ª«�¸¦Ù��S~�z©¨�~�¿Ë|�~�z«�NÀ}¨Á¬Sz}|¦�~#¬N�~�z«À«|�ê�º�z}|¦�~8ª z}°z}É��K�¨�ÈÍ|�¸¦z«�~8|�¨�~
|�~J¨ ßv� �W¡¯������à8åÑ� ã�Þ�¡Làµ�dã � �7��¡ ÿ�É8|¦¬·É+¿8�S®R�S~8¿8ª��~8¸ÕÂ��~Jz}É8�°®8À{�z}�S|�~J¬N%�À{¿8|�~µ¨7z}�Nª

H rs?Yt = −kBT ln

∫
e−β(HI+Hs)d3xsd

3ps � ¼�¤¾�q�
ª«º8¬·É�z}Éµ¨Áz

ρp =
e−β(Hp+H u v7w )

Z
.z�z«�
z}Éµ¨Áz

H rs?Yt |�ª©z«É8�y¶áÀ«�S�±�S~8�NÀ{��ÂJ�¶Dz}É8�°ª{�¸¦Ù��N~�z!ª{º8ê8ª{®µ¨�¬N�°¶á�À�¨�´�Ú¯�N¿�®R�ª«|¦z«|��~�Á¶
z}É8�Ñ®8À«�z«�N|¦~Q¤/§×Â À{�N¿8º8¬S|�~8�z}É8�s�!¨�ÈÍ|�¸Õz}�~8|�¨�~
z}z}É8�Ñ®8À«�z«�N|¦~ ª«º�ê8ª«®µ¨Á¬N�2(�z«É8�ÇÒ)Ó2�S~Lz«À«�®�Â
¶á�À«Èìº�¸÷¨ � �%¤¦¥Féq�ÇêR�S¬N�ÈÍ�Nª¨�®8®8¸¦|�¬N¨�ê8¸��Á¤s³!�N~��z}|¦~8�Íz«É8�°z}É8�SÀ«È:¨�¸2¨WÙ��SÀ}¨����±|�~Jz}É��±®�À«�z«�N|�~
ª«º8ê8ª{®µ¨�¬S��ê�Â 〈·〉p

ÿÇ�±�ê�z}¨�|�~

dSP
dλ

=
1

kBT 2

[
〈(HS +H rs?Yt )(H ′S +H ′rx?Yt )〉p − 〈HS +H rs?Yt 〉p 〈H ′S +H ′rx?Yt 〉p

]
λ
.� ¼�¤Å½M�

H rx?Yt |�ªì¿�|~}Í¬Nº8¸Õz z«]¨�¬N¬S�Nª{ªÍ|¦~ ¨&ª«|¦Èìº8¸�¨Áz}|¦�~�ª{|�~8¬S�Ëz}]� ÙÁ¨�¸�ºµ¨7z}�Ë|Õz�¨Áz �~8��®��|�~�z
~xp|�~�z«É8��®8À{�z}�S|�~�ª«º8ê8ª{®µ¨�¬S�2(s�~8�:Éµ¨�ª z«&ª}¨�ÈÍ®8¸¦�:FÙ��SÀ z}É��Ëÿ�É8�¸¦�:ª{�¸¦Ù��N~�z�ª«º�ê8ª«®µ¨Á¬N��|�~

�À«¿8�SÀÇz}�®��NÀ<¶á�À«È z«É8�y|�~�z}�S��À}¨7z}|��~Ë|�~�Ês¹ ¤µ¼¯¤²�¯¤vÒ)É��yª«�¸ÕÙ��N~�z�ª{º8ê8ª«®8¨�¬N�°É8FÿÑ�SÙ��SÀ�|�ªÇz«¯
É8|���ÉLÎ%¿8|�ÈÍ�N~�ª«|��~µ¨�¸ z}Í¨�¸�¸¦Fÿ�¶á�À)ª«º8¬·É�¨�~�¨�®8®8À{�¨�¬·ÉQ¤
ý¯�ÈÍ��¨�®8®��W¨�À«¨�~8¬S�Nª°�¶

H rx?Yt ¬W¨�~ êR��À{�NÈÍFÙ��N¿�¶áÀ«�È Êv¹ ¤o¼�¤¾½�ê�Â]�ê8ª«�SÀ{Ù%|�~8��z«Éµ¨Ázy¶á�À
¨�~�¨�À«ê8|Õz}À«¨�À{ÂË¹%º8¨�~�z}|¦zÔÂ

x

〈(H ′S +H ′rx?Yt )x〉p =

=
1

Z

∫
d3xpd

3pp x e
−βHP

∫
e−βHISd3xsd

3ps

∫
H ′IS +H ′Se

−βHISd3xsd
3ps∫

e−βHISd3xsd3ps
x =

= 〈xH ′〉 � ¼�¤ Ä;�
ÿ�É8�NÀ{�Ñz}É��Ç¸÷¨Áª{z>¨WÙ��NÀ«¨����Ñ|�ª2z·¨�óÁ�N~ìÿ�|Õz}É±À«�Nª{®R�S¬Sz z«�z«É8�Ñÿ�É��¸��×ª«®µ¨Á¬N��¤Dú*|¦z«É�z}É�|�ªDÀ«�N¸�¨Áz}|¦�~
Ês¹ ¤ ¼�¤Å½�êR�S¬N�ÈÍ�Nª

dSP
dλ

=
1

kBT 2
[(〈H ′HS〉 − 〈H ′〉 〈HS〉) + (〈H ′H rx?Yt 〉 − 〈H ′〉 〈H rs?Yt 〉)]

ÿ�É8�NÀ{��¨�¸�¸2z«É8�NÀ{ÈË¨�¸>¨WÙ��SÀ}¨����Sª°¨�À«�±z·¨�óÁ�N~&ÿ�|Õz}É&À{�Nª«®��N¬ z
z}:z}É8� ÿ�É��¸���ª«®µ¨�¬S��¤º��~�¶á�À<z}ºl�
~µ¨Áz}�S¸¦ÂÿÇ�s¬W¨Á~8~8�zoz}É�|�~8ó�¶8¨)ª{|�ÈÍ|�¸÷¨ÁÀB¨�®�®8À«�¨Á¬·É±z«�À{�NÈÍFÙ��vz}É8�sÀ{�NÈ:¨�|�~8|¦~8�)¨�®�®R�N¨�À}¨�~�¬N�Nª
�¶
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ÓÔ~�¬N�~Lz«À}¨�ª<zS(R�N~�z}À{�®�Â�¿8| �B�SÀ«�S~8¬N�Sª
¨�À{� ¬W¨Á¸�¬Nº�¸÷¨Áz«�N¿�À}¨�À{�N¸¦Â2(Rª{|�~8¬S��z«É8�Nª{� ¬W¨Á¸�¬Nº�¸÷¨Áz«|��~8ª�¿8

���



~8�z:¬N�~�Ù��NÀ«���&¨�ª#ÿÇ�S¸�¸�¨�ªÍ|�~`z}É8�J¶áÀ«�S�+�S~8�NÀ{��Ââ¬W¨�ª{��¤$Ó zÍª«É��º8¸�¿�¨�¸�ª{�ê���®R�ª{ª«|¦ê8¸���z}
¬N�ÈÍ®8º�z«�!�S~8�NÀ{��Â�¿8| �B�SÀ«�S~8¬N�Sª©ê�ÂËÒ)Ó](¯É8FÿÇ� Ù��NÀ)ÿÑ�y¨�À{�!~8�z©¨Wÿ©¨�À{�
�¶2z«É8|�ªÑêR�S|�~8� ÿ�|¦¿8�N¸ÕÂ
º8ª«�S¿Q¤×Êv~8�NÀ{��|��SªÇ¨�À{�ÈÍ�À{��Á¶5z}�N~:¬N�ÈÍ®8º�z«�N¿:¿8|�À{�N¬Sz«¸¦Â�ê�Â#z·¨Áó%|¦~8�°z}É8��z}|¦È:��¨WÙ��SÀ}¨����!FÙ��SÀ
¨ ª«ºl}:¬S|��S~Lz«¸¦ÂÍ¸��~8��z«À}¨��{�S¬Sz}�À{Â�¤vÒ)É�|�ª©¨Á®8®8À«�¨�¬·É|(�É��ÿÑ�SÙ��NÀ[( ¨�¸�ª{ ª«ºl�B�SÀ«ªÇ¶áÀ{�È ª}¨�ÈÍ®8¸¦|�~8�
®8À«�ê8¸��SÈ:ªS¤
ÆÇ�~8ª{|�¿8�SÀy~8Fÿ�z«É8�ì¬W¨Áª«�ìz}É8¨Ázy�~8��ª{�N�Só%ªyz«�¬N�ÈÍ®8º�z«� z}É8�ì¶áÀ{�N�ì�S~8�NÀ{��Â]¿8| �B�SÀ«�S~8¬N�ìê����
zÔÿÇ�S�N~:¨�~�|�~�|¦z}|�¨�¸ � λ = 0

�>¨Á~8¿Í¨!´µ~µ¨�¸ � λ = 1
�>ª{z}¨Áz}�Ç�¶R¨
ª{Â%ª{z«�NÈqê�Â�¨!z«É8�NÀ{È:%¿�Â%~µ¨�ÈÍ|�¬

|�~�z}�S��À}¨7z}|��~Q¤>Ó ¶R�~8�)|¦ªs¨�¿8¿8|Õz}|¦�~µ¨�¸¦¸¦Ây|¦~Lz«�NÀ{�Nª{z«�N¿Í|�~ìz«É8���N~8�SÀ«��Â�Á¶�z«É8��ª{Â%ª{z«�NÈ ¨Ázv¨y´¯Ú��S¿
λ

( ¨Á~+¨Á¿8¿8|¦z«|��~8¨�¸Bª{|�Èìº8¸�¨Áz}|¦�~�¨7z�z«É8|�ª©´¯Ú��S¿
λ
|¦ª)~8�N¬S�Nª{ª}¨�À<Â�z«#�ê�z·¨Á|�~�|¦z

ÓÔ~�z}É8|¦ª ª{�N¬Sz«|��~�ÿÇ��®�À«�®��ª«��¨�ÿÇ¨FÂ�z}&¬S|�À{¬Nº8È Ù��N~�zìz«É8|�ª�®8À«�ê�¸��NÈþê�Â�� Ú%z}À«¨�¬Sz«|�~8�+|�~l�
¶á�À«È:¨Áz«|��~�¨�ê��º�zz}É8���N~8�SÀ«��Â�¨Áz!¨:´�Ú¯�N¿

λ
¶áÀ«�È z«É8� º�~8®8É�Â%ª«|�¬N¨�¸/�S~8ª«�SÈìê8¸¦� �N¸¦�NÈÍ�N~�z}ª

ª}¨�ÈÍ®8¸¦�N¿Jê�ÂJ¨ÍÒ)Ó×z}Éµ¨7z�ª{ÿ�|¦z«¬·É8�N¿�¶áÀ«�È
λ = 0

z}
λ = 1

¤
Ò)É8�#�N~8ª{�NÈìê�¸������S~8�NÀ«¨Áz}�S¿�¨7z
z}É8�#¬S�º8®8¸¦|�~8��®8¨�À}¨�ÈÍ�Sz«�NÀ

λ
�¶Ñ¨�Ò)ÓÀ{º8~ ¨�®8®8À{FÚ¯|¦ÈË¨Áz«�Nª

z}É8�°¿8�S~8ª«|ÕzÔÂ

ρ(λ) =
e−βH(λ)

ZλÒ)É8|�ª)¿��N~8ª{|¦zÔÂ�¬N¨�~JÉ8FÿÇ� Ù��SÀê��yº8ª«�S¿�z}�¬W¨Á¸�¬Nº�¸÷¨Áz«�
�N~8ª{�NÈìê�¸��°¨WÙ��SÀ}¨����Sª�¨Áz�¨�~J¨�À{ê8|¦z«À}¨�À<Â
´�Ú¯�N¿

λ
ê��SzÔÿÑ�N�N~

0
¨�~8¿

1
¤ìÒDJª«�S�#z«É8|�ª[(2¸�� zyº8ªyÿ�|¦z«É8�º�zy¸¦�ª«ªyÁ¶Ç���S~8�NÀ«¨�¸�|ÕzÔÂ+¶á%¬Nº�ªy�~

z}É8�°¬N¨�ª«�°z}Éµ¨7z��~8�°|�ª)|¦~Lz«�NÀ{�Nª{z«�N¿�|�~�z}É��±�S~8�NÀ{��ÂJ�¶Dz}É8�y´µ~8¨�¸Qª{z}¨Áz}�#(µª«
λ = 1

¤vÒ)É8�N~

〈·〉λ=1 =

∫

Γ

dΓ(·)e
−βH(1)

Z1
=
Zλ
Z1

∫

Γ

dΓ(·)eβ(H(λ)−H(1)) e
−βH(λ)

Zλ
=

=
Zλ
Z1

〈
eβ(H(λ)−H(1))(·)

〉
λ
. � ¼�¤¾�q�

z�z«��z}Éµ¨Áz°¶á�À
z«É8�#ª«®��N¬S|÷¨�¸v¬N¨�ª«�Í�¶Ñ¸�|�~��W¨�Ày|¦~Lz«�NÀ{®R�¸�¨Áz}|¦�~ � H(λ) = λH
��(2z}É8�#ª<Â¯ª<z}�SÈ

ª}¨�ÈÍ®8¸¦�N¿�¨Áz°z}É8�#®��|�~�z
λ
|�~ ¨JÒ)Ó
|�ª°�N¹Lº8|ÕÙÁ¨�¸��S~Lz°z«�z«É8�:ª<Â%ª{z}�SÈ ¨Áz

λ = 1
ª«|¦Èìº8¸÷¨7z}�N¿

¨Áz�¨�z}�SÈ:®��NÀ«¨Áz}º8À{�
T/λ

¤�ÓÔ~ z}É8|¦ª:ª{�N~8ª{�&z}É8�SÀ«ÈÍ¯¿�Â%~µ¨ÁÈ:|¦¬�|¦~�z}�N��À}¨Áz«|��~â|�ªÍª«|¦È:|¦¸÷¨�Àìz«
ª«|¦Èìº8¸÷¨7z}�N¿J¨Á~8~8�W¨Á¸�|�~���$Õ¥�¥[& ¤
Ò>]ê��N~�¬·É8ÈË¨ÁÀ«ó�z}É8��®8À{�®��ª«�S¿`¨�®8®8À{�¨�¬·É|( ÿÑ��z}�Sª{z}�S¿`|¦z ÿ�|Õz}É ¨&ª{|�ÈÍ®8¸��#z}�Sª{z�ª<Â%ª{z}�SÈ+¤
ú���À«�Sª{z}À{|�¬ z}�N¿��º8À«ª{�N¸ÕÙ��Nªz}�¨Í�~8�·Î%¿8|�ÈÍ�N~�ª«|��~µ¨�¸2ª{Â%ª<z}�NÈôÈ:FÙ%|�~��Ë¨�¸¦�~8�:¨:¬S¯�À{¿8|�~8¨Áz}�
x ∈ [−10 : 10]

|�~�z}É8�°¿8�º8ê8¸��·ÎLÿÑ�N¸�¸B®R�z«�N~�z}|�¨�¸

VA(x) = x4 − Ax2 +
A2

4
¬N�º�®8¸��S¿�z«�¨JÉ��W¨Áz°êµ¨7z}É]ÿ�|¦z«É�z«�NÈÍ®R�SÀ}¨Áz«º8À«�

T
¤g� º�À{z}É��NÀ«ÈÍ�À{� ÿÇ�Í¨�ª{ª«º8ÈÍ�N¿ ®��NÀ«|¦¯¿�|�¬

êR�º8~8¿µ¨�À<Â�¬S�~8¿8|Õz}|¦�~8ªN¤�Ò)É8��ª<Â¯ª<z}�SÈôÿÇ¨�ª
ª«|¦Èìº8¸�¨Áz}�S¿�º8ª{|�~8�Jö��Sz}À{�®��¸�|¦ª
ö+�~Lz«�øÎ�Æ©¨ÁÀ«¸�
$Å½�½#&�¶á�ÀDÙÁ¨�À«|¦�º8ª>ÙÁ¨�¸¦º8�Nª/�¶ z}É8�©ê8¨�À«À{|��NÀ>É8�N|¦��É�z

A
À«¨�~8��|¦~8�!¶áÀ«�È

A = 0
z}
A = 100

¤w�µ�À
�W¨�¬·É°ÙÁ¨�¸�º�� ÿÇ�s®��NÀ{¶á�À«ÈÍ�N¿±���)ª«|¦Èìº8¸�¨Áz}|¦�~8ª��¶µ�Á�������©ª<z}�N®�ªD�N¨�¬·É±|�~
z}É��s¶áº�¸�¸q�¨�ÈÍ|�¸¦z«�~8|�¨�~
� λ = 1

�
¨�~8¿�����ª«|�È º8¸÷¨Áz«|��~�ª!¿8º8À{|�~8��ÿ�É8|¦¬·É]z}É8���!¨ÁÈ:|¦¸¦z}�~8|÷¨�~�ÿ©¨Áª±¸¦|�~8�N¨�À«¸ÕÂ�À«¨�ÈÍ®R�S¿
º8®Jz}#ª«|¦Èìº8¸÷¨7z}�y¨#Ò)Ó � H(λ) = λH

�ø¤
��½



-7

-6

-5

-4

-3

-2

-1

 0

 0  20  40  60  80  100

E
ne

rg
y 

(d
iff

er
en

ce
 to

 th
e 

an
al

yt
ic

al
 v

al
ue

)

barrier height A

average obtained by TI with energy correction
average at lambda=1

57698;:�ýq:Úäq?�æ�A;UVXH8 T U]G^OH69I�NPOH6RQSA;G�tàQSXKN�QSA;U�ë#Wq69IiUVA;G^6RQSA	NPLwWMQSJ a LRU�m�UVL9L�o0QSO^UVA#OH6 NPLÏ:�¾wv;Ui8>X^U]UVA¹>NPL9J;U]G,mwNSG�Q a OYNP69A;U]W a#T Nk¹�UVXYNP8>69AM8FQ�¹�UVXKNgGH69IKJML NPOH6RQSAÞNPO�OHv;U�t�JML9Lk\¦NPIº69L9O^QSAM6 NPA�:�¾wv;UºX^U]W¹>NPL9J;U]G.m�UVX^U¦Q a OYNP69A;U]W½t�X^QSI N�OHv;UVXHIiQ#W T A	NPIº6R\¦69A'O^UV8>XYNPOH6RQSAFNPLRQSAM8�OHv;U±o	NPOHv
H(λ) = λH a#TNPoMoML T 69AM8iOHv;U,oMX^QSouQ>G^U]W"\]QSXHX^U]\VOH6RQSA _ æ�çl:lýq:Úè�de:

Ò)É8�y´µÀ«ª<z�ª«�NÀ{|��Sª)�¶/ª{|�Èìº�¸÷¨Áz«|��~Íÿ©¨�ª�º8ª{�N¿Jz}�¬N¨�¸�¬Sº8¸÷¨Áz«�!z}É��°¨FÙ��NÀ«¨����°�N~8�SÀ«��Â 〈H〉λ=1

|�~
z}É8��¬S�~�Ù��S~Lz«|��~8¨�¸ÇÿÇ¨FÂ2(Ñ|G¤Å�Á¤~(/êLÂ�z·¨�óL|¦~8�&z}É8�:z}|�ÈÍ��¨WÙ��NÀ}¨Á�����¶

H
|�~�¨&ª«|�È º8¸÷¨Áz«|��~�¨Áz

λ = 1
¤×Ò)É8�±ª}¨�ÈÍ�±¨FÙ��NÀ«¨����°ÿ©¨�ª�¬N�È:®8º¯z}�N¿J¶áÀ«�ÈÛz}É8�°Ò)Ó©ª{�NÀ{|��Nª�ê�ÂJ¬N�À«À«�S¬Sz«|�~8�#¶á�À©z}É��

¿8|~�R�NÀ{�N~8¬S��ê��SzÔÿÑ�N�S~�z}É8�%�!¨ÁÈ:|¦¸¦z}�~8|÷¨�~�ª
H(λ)

¨Á~8¿
H(1)

ê�ÂJÈÍ�W¨�~8ª��¶ Êv¹�¤�¼�¤¾�¯¤±�µÀ«�È
z}É8�)À{�Nª«º�¸¦z}|¦~8�����
ÙÁ¨�¸�º8�SªP(�z«É8��È:�N¨�~ìÙÁ¨�¸�º8�Sª×¨�~8¿�z}É8���SÀ«À«�À«ªv�¶RêRÁz}ÉÍ¨�®8®8À{�¨�¬·É8�SªÑ¬N¨�~#êR�
¬N�ÈÍ®8º�z«�N¿Q¤Ò)É8�ìÀ«�Sª«º8¸Õz}ª!¨�À«��ª«É8Fÿ�~]|�~ �/|��:¼�¤Å½�¤
ý%|�~8¬S� z}É8��� Ú�¨�¬ z
ÙÁ¨�¸�º8�±�¶vz«É8� ÈÍ�W¨�~
�N~8�SÀ«��Â ¬W¨�~#ê��©¬N�ÈÍ®8º�z«�N¿�|¦~ìz}É8�)¬N¨�ª«�)�¶ z«É8�©¿8�º�ê8¸��ÇÿÑ�N¸¦¸8®��z}�S~Lz«|÷¨�¸*(ÁÿÑ�)º8ª«�©z«É8|�ª>Ù�¨Á¸�º8�
¨�ªv¨
À«� ¶á�NÀ{�N~8¬S�¨Á~8¿#®8¸��z>z}É8�)¿��SÙ%|÷¨Áz«|��~ �¶ z}É8�)�Sª{z}|¦ÈË¨7z}|��~8ª>¶áÀ{�È z«É8��¨�~µ¨Á¸¦ÂLz}|¦¬W¨�¸%À«�Sª«º8¸ÕzW¤
Ò)É8��¶�¨Á¬SzÍz}Éµ¨Áz:¨�¸¦¸)�Nª<z}|�È:¨Áz«|��~8ª�ª<Â%ª{z}�SÈË¨7z}|�¬N¨�¸�¸ÕÂ�º8~�¿8�NÀ{�Nª{z«|�È:¨Áz}��z«É8�+�S~8�NÀ{��Ââ|�ª#ÈÍ�ª{z
¸�|�óÁ�N¸ÕÂ�¿8º8�Jz}�¨�~ ¨�À{z«�S¶�¨�¬ zÍ�¶z«É8��ö+�Sz«À«�®��¸�|¦ªÍö+�~�z}�·Î�Æ©¨�À{¸��¨�¸����À«|¦z«É8È�¤`ý¯|�~�¬N��z}É8�
®8À«�ê8¨�ê8|�¸¦|¦zÔÂ°¶á�À z«É8�)ª{Â%ª{z«�NÈ z}°É8�®#¶áÀ{�È

x
z}
x+∆x

|�ªv¿8� z}�NÀ{È:|¦~8�N¿�¶áÀ{�È�z«É8���N~8�SÀ«��Â
¿8|~�R�NÀ{�N~8¬S�

H(x+ ∆x)−H(x)
(�z«É8�yª{Â%ª{z«�NÈ»¬N¨�~�z}º8~�~8�N¸Qz«É8À«�º���ÉJ¨�®R�z«�N~�z}|�¨�¸Bê8¨�À«À{|��NÀ

êR� zÔÿÇ�S�N~
H(x)

¨�~8¿
H(x + ∆x)

¤yÒ)É8|�ªÉµ¨�®8®��N~�ª°¨Áz!z«É8� ®��NÀ{|�%¿8|�¬±êR�º8~8¿µ¨�À{|��Sª!�¶s�º�À
ª{Â%ª{z«�NÈ�(Bª«|¦~8¬N��É8�NÀ{��z«É8�ì®��NÀ«|¦¯¿�|�¬y|�È:¨����SªÁ¶ z}É8��¿8�º8ê�¸��°ÿÇ�S¸�¸D®R�z«�N~�z}|�¨�¸D¨�À«� ¨Áz«z}¨�¬·É8�S¿
z}#�W¨�¬·É��z«É8�NÀ�¨�~8¿J¶á�À{È ¨�~µ¨�À{À«Fÿ��S~8�NÀ{��ÂJ®R�N¨�ó ¤
Ò)É8�
�NÀ{À«�ÀÇ�¶2z}É8�y®�À«�®��ª«�S¿�È:� z}É8%¿�|¦ªÇÀ«�º8��É8¸ÕÂË¨Áª©¸÷¨�À{���
¨ÁªÇz}É8�!�NÀ«À{�À©�¶2z«É8�
¬S¸÷¨�ª{ª«|�¬N¨�¸
È:� z}É8%¿Q¤
Ò)ÉLº8ª
z«É8�ì®8À{�®R�ª«�N¿]ÈÍ�Sz«É8%¿&¿8%�Nªy~8�z!¸��N¨�¿�z}J¨Á~&|�ÈÍ®8À«FÙ��NÈÍ�N~�zy¨�ª¶�¨�À
¨�ª
z}É8��¨Á¬N¬Nº�À}¨�¬ Â�|¦ª
¬N�~�¬N�NÀ{~8�N¿B¤ ÆÇ�È:®8º¯z}|�~��:z}É��ì�N~8�SÀ«��Â&¨�¸��~8�:ÿ�|Õz}É]¨�Ò)Ó�|�ªÉ8FÿÇ� Ù��SÀ�¨
ª«|���~8|¦´µ¬N¨�~�z©¨Á¿�ÙÁ¨�~�z·¨�����¶áÀ«�Èqz«É8�!®��|¦~LzÑ�¶QÙ%|¦�Sÿ��¶2¬S�È:®�º�z·¨Áz«|��~8¨�¸µ�[}Í¬N|¦�N~8¬ Âq(8ª{|�~8¬S�!~8

�7Ä
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57698;:�ýq: é;?�¸#c�UVO^\^v�QPt.OHv;UºGHL96R\]U�OHXYNPA;GÂtàQSXHI�NPOH6RQSA�:º¾wv;UKX^UVL N a UVLRU]W�UVA;G^UVI a LRUº6RG¦oMX^QPZHU]\VO^U]Wh69A'O^QN%X^UVL NPOH69¹�U�GHJ a GHo	NS\]U>:,¾wv;U�oMv	NSG^U�GHo	NS\]U�6RG¦\VJMO±69A#O^Q"GHL96R\]U]GsmnvM6R\^v�NPX^U�IiQk¹�U]WxGHJ;\YvFOHv	NPO¦OHv;UWMUVA;GH69O Tga U]\]QSIiU]GBIiQSX^U�GH69Iº69L NPXnO^Q�Niþ,NPJ;GYGH6 NPA�Wq6RGHOHXH6 a JMOH6RQSA�:
¶áº8À{z«É8�NÀ�ª{|�Èìº8¸�¨Áz}|¦�~�|¦ª)~8�N�S¿8�N¿�z}#�ê�z}¨�|�~ 〈H〉 ¤

j�¥Öñ g i8psr�¨	Ä]«viµnqpw¯j^«×rK¨Ý«BÄ��ukÖmk2r�¨%jH#Ø
�/|�~�¿8|�~8�ì¨ ´8z)¶áº8~8¬ z}|��~�ÿ�É8|�¬·É�¨�®8®�À«WÚ¯|�È:¨Áz}�SªÇz}É8�y¬S�ÈÍ®8¸��øÚËÿÇ¨Áz}�SÀ�¿8�N~8ª{|¦zÔÂË®8À«FÙ��Sª¿�|¦¶��
´µ¬Nº�¸¦z#¨�ª�ÿ©¨�ª�ª{É8Fÿ�~`|�~�z«É8��®8À«� Ù%|��º8ª ª«�N¬ z}|¦�~8ªN¤�Ð ¬S�ÈÍ®8¸��SÈ:�S~Lz}¨�À{Â�¨�®�®8À«�¨Á¬·É ¬N�~l�
ª«|¦ª{z}ªy|¦~&z}À«¨�~8ª{¶á�À«ÈÍ|�~8�Ëz«É8��À«�S¸÷¨�ê��N¸¦�N¿]�S~8ª«�SÈìê8¸���ª{º8¬·É�z}Éµ¨Áz°|Õz
¬N¨�~�êR�ì´8z°ÈÍ�À{�ì�W¨�ª{|�¸ÕÂ�¤
Ò)É8�:¨�|�Èô�¶Çz«É8|�ª°ª«�S¬Sz«|��~ |�ª
z«+¸¦¯�ó�¶á�À°¨�z}À}¨Á~8ª{¶á�À{ÈË¨7z}|��~]|�~�¬N�~¯´µ��º8À«¨Áz}|¦�~µ¨�¸ ª{®µ¨�¬S�
f : R3N → R3N

ª«º8¬·É&z«Éµ¨Ázz}É8���N~�z}À{�®�Â��¶/z}É8�±z}À}¨Á~8ª{¶á�À{È:�S¿��S~8ª«�SÈìê8¸��
f(~x(ti))

¬N¨�~
êR���Sª{z«|�È:¨Áz}�S¿ È:�À{��¨�¬S¬Nº8À«¨Áz}�S¸¦Â�z«Éµ¨�~`|�~�z«É8��¬W¨Áª«�J�¶�z}É8�Jº8~�z«À}¨�~8ª<¶á�À«ÈÍ�N¿`�S~8ª«�SÈìê8¸��
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analytical result

57698;:'ýq:9< Eq?z#ÖIºoMX^Q�¹�UVIiUVA'OwQPtlOHv;U�UVA#OHX^QSo T U]GHOH69I�NPOH6RQSA%WqJMXH69AM8KNsXHJMA�QPtlOHv;U�oMX^QSo0Q>G^U]W�IiUVOHv;Q2Wµ:¾wv;U�UVA'OHX^QSo T U]G^OH69I�NPOH6RQSAF6RG¦UVAMv	NPA;\]U]Wµjuv;Q�m�UV¹�UVX�OHv;UKXYNPO^U�QPt£69IºoMX^Qk¹�UVIiUVA#O�GHLRQkm�G,WMQ�mnAFt�QSXLRQSAM8�G^69I�JML NPOH6RQSA�OH69IiU]G�:
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